The Next-to-Minimal Supersymmetric extension of the Standard Model
  reviewed by Maniatis, M.
HD-THEP-09-9
The Next-to-Minimal Supersymmetric extension of the Standard Model reviewed
M. Maniatis∗
Institut fu¨r Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany
phone +49-6221-549-414, fax +49-6221-549-333
The next-to-minimal supersymmetric extension of the Standard Model (NMSSM) is one of the
most favored supersymmetric models. After an introduction to the model, the Higgs sector and the
neutralino sector are discussed in detail. Theoretical, experimental, and cosmological constraints
are studied. Eventually, the Higgs potential is investigated in the approach of bilinear functions.
Emphasis is placed on aspects which are different from the minimal supersymmetric extension.
PACS numbers: 12.60.Jv, 14.80.Cp, 14.80.Ly
Contents
1. Introduction 3
2. The NMSSM superpotential 6
2.1. Discussion of the superpotential 6
1. Peccei–Quinn symmetry 6
2. Discrete Z3 symmetry 7
3. The Higgs-boson sector of the NMSSM 10
3.1. The Higgs potential 10
3.2. Tadpole conditions 11
3.3. Higgs-boson mass matrices in the NMSSM 12
3.4. Stability and electroweak symmetry breaking of the global minimum 14
3.5. Parameters of the NMSSM Higgs potential 15
3.6. The one-loop effective potential 15
3.7. Higgs-boson phenomenology 16
4. Neutralinos 21
5. Parameter constraints 24
5.1. Theoretical constraints 24
5.2. Experimental constraints 26
1. Collider constraints 26
2. Muon anomalous magnetic moment 28
3. B-meson decay 30
5.3. Cosmological constraints 31
1. Indirect dark matter detection 31
2. Direct dark matter detection 33
3. Baryogenesis 34
5.4. Parameter scans 38
6. Determining the global minimum of the Higgs potential 42
6.1. Stationary points in the NMSSM 42
7. Summary 45
Acknowledgments 46
∗E-mail: M.Maniatis@thphys.uni-heidelberg.de
ar
X
iv
:0
90
6.
07
77
v2
  [
he
p-
ph
]  
2 S
ep
 20
10
2A. Conventions and abbreviations 47
B. Computer tools for the NMSSM 48
C. Construction of a supersymmetric model 48
1. Matter parity 48
2. Chiral supermultiplets 49
3. Gauge supermultiplets 49
4. Interactions 50
5. Soft breaking terms 50
6. Complete supersymmetric Lagrangian 50
D. Feynman rules of the NMSSM 51
1. Higgs-boson gauge-boson interaction 51
2. Higgs-boson fermion interaction 52
3. The NMSSM potential 53
4. Higgs sfermion interaction 55
5. Higgs-boson neutralino/chargino interaction 55
6. Higgs-boson self interaction 58
E. Non-minimal supersymmetric extensions 60
F. Field-dependent masses 62
G. Gauge invariant functions 63
H. Buchberger algorithm 66
References 68
31. INTRODUCTION
Supersymmetry [1–19] is one of the most appealing concepts of physics beyond the Standard Model (SM). Some of
the main motivations for studying supersymmetry are:
• Supersymmetry is an extension of the Poincare algebra which relates fermions to bosons.
• As a local symmetry, supersymmetry is naturally connected to gravity.
• Supersymmetry stabilizes the hierarchy [12, 13, 20, 21] between the electroweak and the GUT or Planck scale.
Thus, the quadratical divergences occurring in the Higgs-boson mass loop corrections are systematically canceled
and fine tuning between the bare Higgs-boson mass and the loop contributions is avoided.
• Supersymmetry, realized below the TeV scale, unifies the SU(3)C × SU(2)L × U(1)Y couplings at the GUT
scale.
• Supersymmetry provides a cold dark matter candidate, supposed matter-parity is conserved.
A minimal supersymmetric extension of the Standard Model (MSSM) was proposed already some time ago. For
a review of the MSSM see for instance [22] and references therein. In the MSSM the minimal particle content is
added to the SM in order to arrive at a supersymmetric model. The MSSM extents the SM by an additional Higgs
doublet, necessary to give masses to up- and down-type fermions and in order to keep the theory anomaly free.
Every field is promoted to a superfield, pairing fermionic and bosonic degrees of freedom. However, none of the
additional predicted particles has been observed up to now. Thus the question arises, why should we study further
extensions of the minimal supersymmetric model? The reason is, that the MSSM does certainly not parameterize
any supersymmetric extension of the SM. This is in particular due to the fixed particle content we encounter in the
MSSM. For instance, although the Higgs sector in the MSSM consists of two doublets in contrast to one in the SM,
the Higgs sector turns out to be highly restricted. Thus, at tree-level, the lightest CP-even Higgs-boson is predicted
to be lighter than the Z-boson. Large quantum corrections are necessary in order to comply with the experimental
lower bounds from LEP on the CP-even Higgs-boson mass, which in turn require a very large scalar–top mass. That
is, some new kind of fine-tuning is to be introduced in the MSSM.
Let us collect some reasons, making it worthwhile to study extensions of the minimal supersymmetric Standard
Model:
• In the MSSM we encounter the so-called µ-term in the superpotential, where µ is a dimensionful parameter.
This parameter has to be adjusted by hand to a value at the electroweak scale, before spontaneous symmetry
breaking occurs [23]. This is seen to be a problem of the model. It is desirable to look for further extension,
which do not have this µ-problem. In singlet extensions, for instance, an effective µ-term may be generated
dynamically.
• As mentioned before, the Higgs sector is highly restricted in the MSSM. The lower bounds on the Higgs-boson
masses from LEP measurements require large quantum corrections accompanied by a large stop mass in this
model. An extended Higgs sector may relax this restrictions and thus circumvent the lower experimental bounds.
• The MSSM Higgs-boson sector is CP-conserving at tree level. Extending the Higgs sector in an appropriate
way, CP violating phases arise. Sufficient CP-violation would meet one of the necessary Sakharov criteria [24]
in order to generate the baryon–antibaryon asymmetry in our Universe.
• The baryon–antibaryon asymmetry may be generated by strong electroweak phase transitions of first order [25–
28]. The required cubic terms in the effective potential arise in the SM and the MSSM only via generically small
radiative corrections. An explicit cubic term is possible in extensions of the MSSM.
Here we will review the next-to-minimal supersymmetric extension of the Standard Model (NMSSM) [29–41], which
has the capability to solve the mentioned limitations of the MSSM. In the NMSSM an additional gauge singlet
is introduced which generates the µ-term dynamically, that is, an effective µ-term arises spontaneously and the
adjustment by hand drops out. This is surely the main motivation for the NMSSM and may justify the price to pay,
that is, the introduction of an additional gauge-singlet superfield. The particle content in the bosonic part of the
singlet results in two additional Higgs bosons whereas in the fermionic part we have one additional neutralino, called
singlino. Altogether we have seven Higgs bosons and five neutralinos in the NMSSM, compared to five Higgs bosons
and four neutralinos in the MSSM. The Higgs-boson sector of the NMSSM is no longer CP-conserving at tree level,
merely CP-conservation only arises if the parameters of the Higgs-boson sector are chosen in an appropriate way.
Nevertheless, in most studies in the literature the special case of a CP-conserving Higgs sector is considered, in order
4to simplify matters. In case of a CP-conserving Higgs sector we encounter altogether three CP-even Higgs-bosons,
two CP-odd ones and in addition two charged Higgs bosons in the next-to-minimal model. As we will see, the
Higgs-boson sector is in deed much less restricted and the lower mass bound prediction of a CP-even Higgs boson
in the MSSM is generally shifted substantially. The Higgs-boson phenomenology can in general be very different
from what to expect in the MSSM; in addition to supplement the total number of Higgs-bosons. For instance, in
the NMSSM the possibility arises that a CP-even Higgs boson decays into two very light CP-odd ones which would
have escaped detection at LEP and may even be difficult to detect at the LHC. Also the Higgs potential is enriched,
leading to interesting consequences. Let us also address the last aforementioned advantage of the NMSSM over
the MSSM. As we will see, the trilinear A-parameter soft supersymmetry breaking terms, corresponding to the
superpotential, may account for the desired strong first order electroweak phase transition without large fine-tuning.
The additional neutralino, that is, the singlino, in general mixes with the other four neutralinos. Also in the
neutralino sector there may be a substantial change of phenomenology compared to the minimal supersymmetric
model; in addition to supplement the total number of neutralinos by a fifth neutralino. This is due to the fact
that the singlino is introduced as a gauge singlet. Only through mixing with the other neutralinos this singlino
has couplings to the non-Higgs particles. This opens the intriguing possibility to have a singlino-like neutralino
which moreover may become the lightest supersymmetric (partner-)particle (LSP). Relying on matter-parity, every
supersymmetric partner particle will in this case eventually decay into this singlino-like LSP. In particular the
next-to-lightest supersymmetric (partner-)particle (NLSP) would, due to the small couplings, decay very slowly into
the LSP. These large decay length’ could be revealed by signatures of displaced vertices in the detector. But of
course, in case the singlino-like neutralino is not the LSP, it would be omitted or at least be suppressed in cascade
decays. Generally, in discussing the NMSSM phenomenology we draw the attention to differences to the MSSM. For
the MSSM phenomenology we refer to the extensive literature to this subject.
We start in Sect. 2 with the NMSSM superpotential. We review the main motivations for the modifications
compared to the MSSM and also discuss the drawback which arises in context with the Peccei–Quinn symmetry, which
is promoted to a discrete Z3-symmetry by the introduction of the singlet cubic selfcoupling in the superpotential.
We recall the arguments in order to circumvent the occurrence of dangerous domain walls which emerge in context
of spontaneously broken discrete symmetries.
In Sect. 3 we present the mass matrices and the parameters to describe the complete Higgs-boson sector at
tree-level. In this we treat the most general Higgs sector with the possibility of CP-violation. The special case of a
CP-conserving Higgs sector may be easily inferred. We briefly mention the one-loop effective potential involving the
field-dependent Higgs-boson masses. Then we discuss the Higgs-boson phenomenology, where we stress the prospects
at the LHC. In particular we review the discussion of a “no-lose” theorem, that is, the interesting question, whether
it can be guaranteed that at least one Higgs boson of the NMSSM will be detected at the LHC - supposed the
NMSSM is realized in Nature.
In Sect. 4 follows a recap of the neutralino sector, where we present the mixing matrix as well as neutralino
phenomenology, which is of special interest in case there is a singlino-like LSP.
In Sect. 5 we consider parameter constraints in the NMSSM, beginning with theoretical constraints. For instance
a theoretical constraint comes from the requirement to have a potential with a global minimum not breaking electric
or color charge. A further constraint restricts coupling parameters by forcing them to be perturbative up to the
GUT scale. Of course the latter constraint relies on the fact that the model is valid in the large range up to the
GUT scale. We will also discuss briefly an approach to quantify fine-tuning in general extensions of the SM. On
the experimental side we start with considering constraints coming from colliders. Precision measurements of the
Z-boson width are discussed, followed by exclusion limits from searches for neutralino and chargino pair production,
as well as Higgs-boson production. The possible contribution of the NMSSM to the anomalous magnetic moment
of the muon is discussed. The constraints from the b → sγ decay are presented, which is a loop induced process
and thus highly sensitive to possible new particles emerging in the loops. Turning to cosmology we start with the
very strong constraint origination from the new WMAP result on the relic abundances of the LSP, supposed this is
the candidate for the observed cold dark matter. The direct dark matter detection experiments are recalled briefly.
Eventually we discuss the prospects of the NMSSM in terms of strong first order electroweak phase transitions in
order to explain the baryon–antibaryon asymmetry. Finally, we consider some of the newer parameter scans, which
provide some interesting insight for rather large ranges of parameter space.
5In section 6 we inspect the Higgs potential with respect to stationary solutions. A method is introduced employing
a Groebner basis approach in the framework of gauge invariant functions. This method allows to certainly determine
the global minimum and reveals a quite surprising stationarity structure. However, the Groebner basis approach is
restricted to the tree-level potential.
We close with a rather extended appendix. We mention some of the frequently used computer tools, mainly used
in parameter scans, followed by a derivation of the essential new Feynman rules in the NMSSM compared to the
MSSM. Then we present the formalism of gauge-invariant functions as well as the Buchberger algorithm which allows
to compute a Groebner basis, employed in the determination of the global minimum.
In advance we apologize for any missing references in the bibliography. But in view of the vast amount of publications
with view on the NMSSM, in particular in the recent years, this seems to be hardly avoidable.
6chiral supermultiplets spin-0 spin-1/2 SUC(3) SUL(2) UY (1)
quark–squark Qˆ Q˜ = (u˜L, d˜L)
T Q = (uL, dL)
T 3 2 1/6
uˆ u˜∗R u
†
R 3 1 −2/3
dˆ d˜∗R d
†
R 3 1 1/3
lepton–slepton Lˆ L˜ = (ν˜e, e˜L)
T L = (νe, eL)
T 1 2 −1/2
eˆ e˜∗R e
†
R 1 1 1
Higgs–Higgsino Hˆu Hu = (H
+
u , H
0
u)
T H˜u = (H˜
+
u , H˜
0
u)
T 1 2 1/2
Hˆd Hd = (H
0
d , H
−
d )
T H˜d = (H˜
0
d , H˜
−
d )
T 1 2 −1/2
Sˆ S S˜ 1 1 0
gauge supermultiplets spin-1/2 spin-1 SUC(3) SUL(2) UY (1)
gluon–gluino g˜ g 8 1 0
W-boson–wino W˜±, W˜ 0 W±,W 0 1 3 0
B-boson–bino B˜0 B0 1 1 0
TABLE I: Particle content of the NMSSM in terms of decomposed supermultiplets together with the corresponding multi-
plicity respectively hypercharge with respect to SU(3)C × SU(2)L × U(1)Y . Compared to the particle content of the minimal
supersymmetric extension the new ingredient in the next-to-minimal extension is the Higgs supermultiplet Sˆ. Only the first
family is given; the other families are introduced analogously. The here used convention for the hypercharge is Q = I3W + YW
with Q the electromagnetic charge in units of the positron charge, I3W the weak isospin 3-component, and YW the hypercharge.
2. THE NMSSM SUPERPOTENTIAL
In the NMSSM the superpotential is
W = uˆyu(Qˆ
THˆu)− dˆyd(QˆTHˆd)− eˆye(LˆTHˆd) + λSˆ(HˆTu Hˆd) +
1
3
κSˆ3 (2.1)
with dimensionless couplings yu, yd, ye, λ and κ. Note that the superpotential has cubic mass dimension. The
supermultiplets are denoted with a hat and are given in Tab. I together with its bosonic and fermionic particle
content and its multiplicity respectively hypercharge with respect to SU(3)C × SU(2)L × U(1)Y . Compared to the
MSSM particle content there is only one new supermultiplet ingredient, namely the gauge singlet Sˆ, that is, one
complex spin-0 singlet S and one spin-1/2 singlino S˜. The weak isospin indices are not written explicitly and  is
defined below in (3.3). Note that the convention for the signs of the λ and κ terms in the superpotential differ in the
literature.
2.1. Discussion of the superpotential
We start from the MSSM potential in terms of scalar fields,
WMSSM = u˜
∗
Ryu(Q˜
THu)− d˜∗Ryd(Q˜THd)− e˜∗Rye(L˜THd) + µ(HTu Hd) . (2.2)
This is the minimal superpotential, where we have instead of the dimensionless terms λS
(
HTu Hd
)
+ 13κS
3 a so-called
µ-term, with µ a dimensionful parameter. In any case a term proportional to HTu Hd is required to give masses to
up- and down-type fermions. This follows immediately from the F-terms derived from the superpotential; as given in
(D11). Now, we know from experiment that the Higgs vacuum-expectation-value is v ≈ 246 GeV, that is, of the order
of the electroweak scale. With view on the F- and soft-breaking terms in the MSSM potential we get potential terms(|µ|2 +m2Hu) |H0u|2 + (|µ|2 +m2Hd) |H0d |2. (This can be seen in the following discussion of the Higgs potential and can
be read off from (3.4) and (3.7) if we replace |λ|2|S|2 by |µ|2). With the vacuum-expectation-values 〈H0d〉 = vd/
√
2,
〈H0u〉 = vu/
√
2 and v2 = v2u + v
2
d we see that without fine-tuning between the mass- and µ-parameters, the parameter
µ can not be much larger than v. This is, that we have to adjust the µ-parameter by hand to the electroweak scale
which in the SM arises from spontaneous symmetry breaking. This is the so-called µ-problem of the MSSM.
1. Peccei–Quinn symmetry
The main idea is to circumvent this dimensionful parameter µ by introducing a new scalar field S which gets a
vacuum expectation value to generate this parameter effectively, that is, the µ-term is replaced by λS (HuHd) and
7the required µ-term at the electroweak scale arises from spontaneous symmetry breaking with µ = λ〈S〉. In this way
we have achieved a quasi-universal mechanism of spontaneous symmetry breaking. This is considered to be the main
motivation of the NMSSM. For some other solutions to circumvent the µ-problem we refer the reader to App. E. Now,
since the bilinear µ-term in the superpotential is replaced by a trilinear term, we can see that the superpotential is
invariant under a global phase transformation, the so-called Peccei–Quinn (PQ) symmetry U(1)PQ
1 [29, 42, 43]. If
we assign PQ charges qPQ to the chiral supermultiplets, denoted by φˆi with i running over all chiral supermultiplets,
in the following way [29, 44],
supermultiplet φˆi Qˆ uˆ dˆ Lˆ eˆ Hˆu Hˆd Sˆ
PQ-charge qPQ −1 0 0 −1 0 +1 +1 −2 , (2.3)
we see immediately that the superpotential is invariant under the global U(1)PQ transformations
φˆi → eiqPQθφˆi , (2.4)
with an arbitrary phase θ. Note that since we assign PQ-charges to supermultiplets also the derived Lagrangian stays
invariant under U(1)PQ. In the minimal supersymmetric extension, MSSM, the PQ symmetry is explicitely broken
by the µ-term. In the NMSSM this PQ-symmetry is spontaneously broken once the Higgs bosons acquire vacuum-
expectation-values. This spontaneous broken continuous symmetry gives, following the Goldstone theorem, inevitable
a massless so-called Peccei–Quinn mode. Such axion has not been found and exclusion limits were derived [45].
Experimentally there remains only a rather small corresponding λ-parameter occurring in the superpotential term
λSˆ(HˆTu Hˆd) in the range 10
−7 < |λ| < 10−10. In order to get an effective µ term of the electroweak order, the
vacuum-expectation-value (VEV) of S would have to be much larger compared to the electroweak scale - again a
fine-tuning would be required.
In the NMSSM thus an additional term is imposed in the superpotential in oder to violate the Peccei-Quinn
symmetry by means of a cubic selfcoupling term, 13κSˆ
3, with κ the PQ-symmetry breaking parameter. In this way all
parameters of the superpotential are still dimensionless. Alternatively, one could impose a linear or quadratic term
in order to break the Peccei-Quinn symmetry but then again a dimensionful parameter would be necessary. Note
that the superpotential has to have mass dimension three. Of course any term higher than trilinear in the fields in
the superpotential is forbidden by the requirement of renormalizability. Finally we arrive at the proposed NMSSM
superpotential, written in its scalar form
W = u˜∗Ryu(Q˜
THu)− d˜∗Ryd(Q˜THd)− e˜∗Rye(L˜THd) + λS(HTu Hd) +
1
3
κS3 . (2.5)
2. Discrete Z3 symmetry
There is some debate, whether the NMSSM superpotential (2.5) is viable. The main concern arises since the
continuous Peccei-Quinn symmetry is broken explicitly by the 13κS
3 term, but there remains a discrete Z3 symmetry
of the superpotential [46]:
φˆi → ei 2pi3 φˆi , (2.6)
where the index i runs over all superfields occurring in the superpotential. This discrete symmetry is spontaneously
broken by the VEV of the complex scalar field S. Inevitably, this spontaneous breaking of a discrete symmetry leads
to the domain-wall problem, a special kind of a topological defect. During electroweak phase transition of the early
Universe, this spontaneously broken discrete symmetry would cause a dramatic change of the evolution of the Universe
and would spoil the observed cosmic microwave background radiation.
A study of the generation of domain walls in the NMSSM potential with numerical methods can be found in [47].
Following [46, 48] we want to sketch the mechanism of the formation of domain walls in a model with spontaneous
breaking of a discrete symmetry in the simple Goldstone model of a complex scalar field φ with Lagrangian
L = 1
2
(∂µφ
†)(∂µφ)− λ
4
(
φ2 − η2)2 , (2.7)
1 Note that this symmetry was first discussed by P. Fayet.
8where η is a constant. The potential of this Lagrangian is the double well potential. The minima of the potential are
at
φ± = ±η, (2.8)
that is, we have in this case a discrete Z2 symmetry of the Lagrangian which is spontaneously broken by the vacuum.
Now, the domain wall is nothing but the intermediate region between these degenerate minima φ±. Let us assume,
without loss of generality, that this domain wall is situated in the y-z-direction. From the Goldstone-model Lagrangian
we determine the Euler–Lagrange equation φ+ λφ
(
φ2 − η2) = 0. The solution of this equation is
φ = η tanh(
x
∆
), (2.9)
with thickness of the wall ∆ ≡ (λ/2)−1/2η−1. This solution describes the field in the intermediate domain-wall region
between the two vacua. We see that φ→ ±η corresponds to x→ ±∞.
In the transition region there is some additional energy proportional to the area of the wall. The stress-energy
tensor is defined as
Tµν = (∂µφ
†)(∂νφ†)− gµνL (2.10)
and inserting the solution (2.9) we get
(Tµν) =
1
2
λη4 cosh−4(
x
∆
) diag (1, 0,−1,−1). (2.11)
Energy and stress of the domain wall are given by
ρW = 〈T00〉 = 1
2
λη4 cosh−4(
x
∆
) ,
pW = 〈Tii〉 = −1
3
λη4 cosh−4(
x
∆
).
(2.12)
That is, the equation of state is
pW = −2
3
ρW (2.13)
The surface energy density of the domain wall follows as
σ =
+∞∫
−∞
T00dx =
2
3
√
2λ η3. (2.14)
It is clear that the generation of domain walls with energy density σ originates from the spontaneously broken discrete
symmetry.
Now we consider a macroscopic volume containing a large number of randomly oriented wall surfaces. For simplicity
we consider a flat Universe with Robertson-Walker metric ds2 = dt2 −R(t)2(dx2 + dy2 + dz2) with scale factor R(t).
From the Einstein equation we can derive (
R˙
R
)2
=
8piG
3
ρW , (2.15)
with G the gravitational constant. Integrating this equation we arrive at
R(t) ∼ t2, E
V
=
3
2
piG t2. (2.16)
This means that the energy density of the walls will quickly overpower the radiation contribution, causing a period
of power-law inflation. An expansion period of this form would leave less time for galaxy formation. Moreover the
production rates during nucleosynthesis would change. In case this additional energy density is observable in the
present Universe, it would cause distortions in the cosmic microwave background, violating the limits on homogeneity
9and isotropy. Quantitative studies show that only surface energy densities of a few MeV are allowed [49].
If we trust this cosmological argument we see that the discrete Z3 symmetry we encounter in the NMSSM must
be broken explicitly in order to avoid the formation of domain walls. One idea is to introduce additional higher-
order operators, that is, non-renormalizable Z3 breaking terms in the superpotential. These terms are adjusted to
be Planck-mass suppressed such that they do not have any effect at the low energy scale and renormalizability is of
no concern. Nevertheless it can be shown that these additional terms generate quadratically divergent tadpoles for
the singlet [50, 51]. The generic contribution of higher-order operators to the effective potential with cutoff at the
Planck-mass scale MP reads [44]
δV = ξMPm
2
sS + c.c. (2.17)
with soft supersymmetry breaking mass parameter ms and ξ depending on the loop order at which the tadpole is
generated. This contribution to the potential changes the vacuum-expectation-value of the singlet to values far above
the electroweak scale, that is, destabilizes the gauge hierarchy.
However one may impose new discrete symmetries in a way to forbid or at least loop suppress the dangerous tadpole
contributions which arise from the additional Planck-suppressed terms in the superpotential [44, 52–54]. Imposing
a Z2 R-symmetry on the non-renormalizable operators under which all superfields flip sign, the dangerous operators
are forbidden and there remains only a harmless tadpole contribution to the potential,
δV = ξm3sS + c.c. (2.18)
This term breaks the Z3 symmetry and thus avoids the formation of domain walls. In the following we assume that
the domain-wall problem is circumvented in this way without any modifications except far beyond the electroweak
scale.
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3. THE HIGGS-BOSON SECTOR OF THE NMSSM
In this section we investigate the Higgs-boson sector of the NMSSM, starting with the Higgs potential, electroweak
symmetry breaking, followed by the derivation of the Higgs-mass matrices and eventually discuss studies on Higgs-
boson phenomenology. For studies of the Higgs potential, in particular with respect to radiative corrections let us
refer to [55–57].
3.1. The Higgs potential
The superpotential (2.1) is a holomorphic function which determines all non-gauge interactions of the chiral super-
multiplets as is discussed in more detail in App. C. Here we want to focus on the Higgs sector and first derive the
physical Higgs potential V and in a second step derive the Higgs mass matrices. With view on Tab. I we have the
scalar fields in the Higgs-boson sector
Hu =
(
H+u
H0u
)
, Hd =
(
H0d
H−d
)
, S . (3.1)
The Higgs-boson potential gets contributions from the chiral supermultiplets, the so-called F-terms encoded in the
superpotential, from so-called D-terms of the gauge multiplets as well as from the soft supersymmetry breaking terms
(see App. C).
We start with the scalar part of the superpotential, which reads
W = u˜∗Ryu(Q˜
THu)− d˜∗Ryd(Q˜THd)− e˜∗Rye(L˜THd) + λS(HTu Hd) +
1
3
κS3 , (3.2)
where we just replaced each supermultiplet (denoted by a hat) in (2.1) by its scalar component according to Tab. I.
Here the term (HTu Hd) written with the isoweak indices α, β = 1, 2 reads (Hu)α
αβ(Hd)β = H
+
u H
−
d −H0uH0d , where
we defined
 =
(
0 1
−1 0
)
. (3.3)
The so-called F-terms of the Higgs potential are derived from the superpotential in the following way:
VF =
∑
i
∣∣∣∣δWδφi
∣∣∣∣2 = |λ|2|S|2 (H†uHu +H†dHd)+ ∣∣λ(HTu Hd) + κS2∣∣2 , (3.4)
where
φ = (Hu, Hd, S) (3.5)
denotes the tuple of the three Higgs-boson fields.
The NMSSM Higgs singlet S is supposed only to couple through the superpotential W to the other Higgs-bosons
and has no gauge couplings. This restricts the D-terms to be exactly the same as in the MSSM:
VD =
1
2
∑
i,j
g2a(φ
†
iT
aφi)(φ
†
jT
aφj) =
1
2
g22 |H†uHd|2 +
1
8
(g21 + g
2
2)
(
H†uHu −H†dHd
)2
(3.6)
Here, Ta are the generators of the gauge groups and ga the corresponding gauge couplings, that is for the group U(1)Y
we have gaT
a = g1YW with g1 the corresponding coupling and the hypercharge operator YW as well as for the
group SU(2)L we have gaT
a = g2I
a
W = g2σ
a/2, a = 1, 2, 3 with g2 the corresponding gauge coupling. Note that we
used the identity σaijσ
a
kl = 2δilδjk − δijδkl.
Since there is no knowledge of the realization of the supersymmetry-breaking mechanism (for a discussion of soft
supersymmetry breaking scenarios we refer to the general literature of supersymmetry and the MSSM), simply all
possible additional terms are imposed which have couplings of mass dimension one or higher. Only terms which
violate matter parity are discarded; we briefly recall the terminus of matter parity in App. C.
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In the Higgs-boson sector the soft-breaking terms corresponding to the superpotential W are
Vsoft = (m
2)ijφ
j ∗φi +
(
1
2
bijµijφiφj +
1
6
aijkλijkφiφjφk + c.c.
)
= m2HuH
†
uHu +m
2
Hd
H†dHd +m
2
S |S|2 +
(
λAλ(H
T
u Hd)S +
1
3
κAκS
3 + c.c.
)
.
(3.7)
The first line is the generic expression, where we get for the scalar fields corresponding mass terms, a general µ-term
generates corresponding b-terms, and a trilinear term in W generates corresponding trilinear A-parameter terms.
Note that there is implicit summation over the indices i, j respectively i, j, k. The terms proportional to bij in the first
line of (3.7) are absent in the NMSSM since we have no corresponding µ-terms in the superpotential (3.2). However,
we get the trilinear soft supersymmetry breaking A-parameter terms, Aλ and Aκ in the NMSSM. The couplings λAλ
and κAκ may be chosen to be real and positive since any complex phase may be absorbed by a global redefinition of
the scalar Higgs fields φ. Since λ and κ are in general complex this means that also Aλ and Aκ are complex in general.
Eventually we arrive at the scalar Higgs potential of the NMSSM
V =VF + VD + Vsoft
= |λ|2|S|2
(
H†uHu +H
†
dHd
)
+
∣∣λ(HTu Hd) + κS2∣∣2
+
1
2
g22 |H†uHd|2 +
1
8
(g21 + g
2
2)
(
H†uHu −H†dHd
)2
+m2HuH
†
uHu +m
2
Hd
H†dHd +m
2
S |S|2 +
(
λAλ(H
T
u Hd)S +
1
3
κAκS
3 + c.c.
)
.
(3.8)
3.2. Tadpole conditions
We can always parameterize the complex entries of the fields Hu, Hd, and S in the the form
Hd =
( 1√
2
(vd + hd + iad)
H−d
)
, Hu = e
iφu
(
H+u
1√
2
(vu + hu + iau)
)
, S =
1√
2
eiφs (vs + hs + ias) , (3.9)
where we can choose the vacuum-expectation values vd, vu and vs to be real and non-negative (any complex phase
of vd can be rotated away by gauge transformations and obviously the phases φu and φs can be chosen to make vu
and vs real and non-negative). Note the convention with a factor 1/
√
2 in front of the vacuum-expectation-values.
In the literature this is not handled consistently. Of course the values vd, vu and vs will take the values for which
the potential V in (3.8) has a global minimum, justifying the terminus vacuum-expectation values. Note that in the
parameterization (3.9) the vacuum denoted by 〈〉 precisely means
〈Hd〉 =
(
vd/
√
2
0
)
, 〈Hu〉 = eiφu
(
0
vu/
√
2
)
, 〈S〉 = eiφsvs/
√
2 . (3.10)
The stationarity condition for the scalar Higgs potential V at the vacuum translates immediately into the following
system of equations, so-called tadpole conditions; see for instance [57].〈
∂V
∂hd
〉
= vdm
2
Hd
−Rλvuvs + g
2
1 + g
2
2
8
vd(v
2
d − v2u) +
|λ|2
2
vd(v
2
u + v
2
s)−
R
2
vuv
2
s = 0 ,〈
∂V
∂hu
〉
= vum
2
Hu −Rλvdvs +
g21 + g
2
2
8
vu(v
2
d − v2u) +
|λ|2
2
vu(v
2
d + v
2
s)−
R
2
vdv
2
s = 0 ,〈
∂V
∂hs
〉
= vsm
2
S −Rλvdvu +Rκv2s +
|λ|2
2
vs(v
2
d + v
2
u) + |κ|2v3s −Rvdvuvs = 0 ,〈
∂V
∂ad
〉
= Iλvuvs +
I
2
vuv
2
s = 0 ,〈
∂V
∂au
〉
= Iλvdvs +
I
2
vdv
2
s = 0 ,〈
∂V
∂as
〉
= Iλvdvu − Iκv2s − Ivdvuvs = 0 ,
(3.11)
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where the following abbreviations are introduced
R = Re
(
λκ∗ei(φu−2φs)
)
, I = Im
(
λκ∗ei(φu−2φs)
)
,
Rλ =
1√
2
Re
(
λAλe
i(φu+φs)
)
, Iλ =
1√
2
Im
(
λAλe
i(φu+φs)
)
,
Rκ =
1√
2
Re
(
κAκe
i3φs
)
, Iκ =
1√
2
Im
(
κAκe
i3φs
)
.
(3.12)
Note that only these combinations of phases occur in the tadpole conditions. Obviously the last three conditions
of (3.11) can be written in the form
Iλ = −I
2
vs, Iκ = −3
2
I
vdvu
vs
(3.13)
and only one of the three imaginary parts I, Iλ, Iκ is not fixed by the others through the vacuum conditions.
The MSSM may be obtained by taking real parameters λ, κ in the limit λ, κ→ 0 with the ratio κ/λ kept constant
and the product λvs as well as the parameters Aλ and Aκ fixed. In particular this means vs →∞ in this limit. This
ensures that the singlet S decouples completely and we end up with the MSSM superpotential.
3.3. Higgs-boson mass matrices in the NMSSM
The mass squared matrix of the neutral Higgs scalars is obtained by the second derivative of the Higgs potential
with respect to the fields at the vacuum. The mass squared part of the corresponding Lagrangian is
LHiggs massneutr. = −
1
2
(hT,aT)
(
MS MSP
(MSP )
T MP
)(
h
a
)
≡ −1
2
(hT,aT)M
(
h
a
)
, (3.14)
in the basis hT = (hd, hu, hs) and a
T = (ad, au, as). The square block-matrices are explicitly
MS =
 m2Zc2β + (Rλ +Rvs/2)vsvu/vd |λ|2vdvu −m2Zsβcβ −Rλvs −Rv2s/2 |λ|2vdvs −Rλvu −Rvuvs|λ|2vdvu −m2Zsβcβ −Rλvs −Rv2s/2 m2Zs2β + (Rλ +Rvs/2)vsvd/vu |λ|2vuvs −Rλvd −Rvdvs
|λ|2vdvs −Rλvu −Rvuvs |λ|2vuvs −Rλvd −Rvdvs 2|κ|2v2s +Rλvdvu/vs +Rκvs
 ,
(3.15)
MP =
(Rλ +Rvs/2)vsvu/vd (Rλ +Rvs/2)vs (Rλ −Rvs)vu(Rλ +Rvs/2)vs (Rλ +Rvs/2)vsvd/vu (Rλ −Rvs)vd
(Rλ −Rvs)vu (Rλ −Rvs)vd Rλvdvu/vs − 3Rκvs + 2Rvdvu
 , (3.16)
MSP = I ·
 0 0 − 32vuvs0 0 − 32vdvs
1
2vuvs
1
2vdvs 2vdvu
 . (3.17)
Here the mass parameters m2d, m
2
u, m
2
s as well as Iλ and Iκ are replaced employing the tadpole conditions (3.11).
From the mass squared matrix we see that in general the neutral Higgs bosons mix. In the case I = 0 the mass squared
matrix becomes block-diagonal and the scalar fields (hd, hu, hs) do not mix with the pseudo-scalar fields (ad, au, as),
that is there is no CP violation in this case in the Higgs-boson sector. Only in this case the neutral Higgs bosons can
be assigned corresponding CP properties.
We may isolate the massless Goldstone field G by a change of basis with the β rotation (cβ ≡ cos(β), sβ ≡ sin(β))adau
as
 =
 cβ sβ 0−sβ cβ 0
0 0 1
Ga
as
 = R(β) a′. (3.18)
With this rotation, the neutral scalar mass part of the Lagrangian (3.14) reads
LHiggs massneutr. = −
1
2
(hT,a′T)
(
MS M
′
SP
(M ′SP )
T M ′P
)(
h
a′
)
, (3.19)
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with changed matrices
M ′P = R(β)
TMPR(β) =
0 0 00 (2Rλ +Rvs)vs/ sin(2β) (Rλ −Rvs)v
0 (Rλ −Rvs)v Rλv2/vs · sin(2β)/2− 3Rκvs +Rv2 sin(2β)
 (3.20)
and
M ′SP = MSPR(β) =
I v
2
·
0 0 −3vssβ0 0 −3vscβ
0 vs 4vsβcβ
 . (3.21)
Here we introduced the convenient and usual abbreviations tβ ≡ tan(β) = vu/vd and v2 ≡ v2d + v2u. Since the massless
Goldstone boson is now separated (giving the longitudinal mode of the Z-boson) we can suppress the corresponding
vanishing forth row and column in the mass squared matrix in (3.19). We end up with five physical neutral Higgs-
boson fields. The mass eigenstates of these five physical fields are obtained by another orthogonal rotation R in the
basis φ = (hd, hu, hs, a, as)
T yielding
Hi = Rij φj , with diag(m
2
H1 ,m
2
H2 ,m
2
H3 ,m
2
H4 ,m
2
H5) = RM
′RT, (3.22)
that is, by diagonalizing the mass squared matrix
M ′ =
(
MS M
′
SP
(M ′SP )
T M ′P
)
. (3.23)
In the case of no mixing of the scalar with the pseudoscalar Higgs bosons, the matrix M ′ is block diagonal and has
non-vanishing entries only in the upper left 3 × 3 block and the lower right 2 × 2 block, which may in this case be
diagonalized separately. Then we have three scalar mass eigenstates, denoted by H1, H2, H3 as well as two pseu-
doscalar mass eigenstates, called A1 and A2. Without loss of generality the Higgs bosons are finally put in ascending
order, that is, mH1 ≤ mH2 ≤ ... ≤ mH5 or in case of a CP-conserving Higgs-boson sector mH1 ≤ mH2 ≤ mH3 and
mA1 ≤ mA2 .
Note that in case of κ = 0 we get from (3.12) R = I = 0 as well as Rκ = Iκ = 0. In this case the mass squared
matrix (3.23) becomes block diagonal, since M ′SP in (3.21) vanishes. Moreover, in this CP conserving case the
pseudoscalar mass squared matrix (3.20) has an additional vanishing eigenvalue, giving the so-called axion. This
makes clear that a vanishing parameter κ is accompanied by an additional massless pseudoscalar state.
The mass squared matrix of the charged fields is defined quite analogously from the Higgs potential with respect
to the complex (charged) fields, that is, in the basis
(
(H−d )
∗, H+u
)T
the mass matrix reads
M± = (Rv2s/2 +Rλvs + sβcβm
2
W −
1
2
vuvd|λ|2) ·
(
tan(β) 1
1 cot(β)
)
. (3.24)
Again, the β rotation allows us to separate the Goldstone mode(
(H−d )
∗
H+u
)
=
(
cβ sβ
−sβ cβ
)(
G+
H+
)
(3.25)
with G− ≡ (G+)∗ and H− ≡ (H+)∗. From the diagonalization R(β)TM±R(β) we can read the mass squares of the
charged Higgs bosons, that is, we have two charged Goldstone modes G± as well as the charged Higgs bosons with
mass
m2H± = tr(M±) = m
2
W − |λ|2v2/2 + (2Rλ +R vs)vs/ sin(2β). (3.26)
Note, that by means of this equation we may express the phase parameter Rλ in terms of the charged Higgs boson
mass. For instance, the pseudoscalar mass squared matrix (3.20) reads, using (3.26)
M ′P =
(
m2P
1
2m
2
P
v
vs
sin(2β)− 32Rvvs
1
2m
2
P
v
vs
sin(2β)− 32Rvvs 14m2P v
2
v2s
sin2(2β) + 34Rv
2 sin(2β)− 3Rκvs
)
(3.27)
14
bosons gauge eigenstates mass eigenstates
e˜L, e˜R, ν˜e e˜L, e˜R, ν˜e
sleptons µ˜L, µ˜R, ν˜µ µ˜L, µ˜R, ν˜µ
τ˜L, τ˜R, ν˜τ τ˜1, τ˜2, ν˜τ
u˜L, u˜R, d˜L, d˜R u˜L, u˜R, d˜L, d˜R
squarks c˜L, c˜R, s˜L, s˜R c˜L, c˜R, s˜L, s˜R
t˜L, t˜R, b˜L, b˜R t˜1, t˜2, b˜1, b˜2
Higgs bosons hd, hu, hs, a, as H1, H2, H3, H4, H5
(H1, H2, H3, A1, A2)
H−d , H
+
u H
±
fermions
neutralinos B˜0, W˜ 0, H˜0u, H˜
0
d , S˜ χ˜
0
1, χ˜
0
2, χ˜
0
3, χ˜
0
4, χ˜
0
5
charginos W˜±, H˜−d , H˜
+
u χ˜
±
1 , χ˜
±
2
gluino g˜ g˜
TABLE II: New particles in the NMSSM compared to the SM. The gauge eigenstates as well as the through mixing generated
mass eigenstates are shown. The Higgs-boson mass eigenstates in brackets give the notation in the case of a CP-conserving
Higgs-boson sector, where we have three CP-even Higgs bosons H1, H2, H3 as well as two CP-odd ones, A1 and A2 instead of
five mixed states H1, ..., H5.
with the abbreviation for the upper left entry
m2P ≡ m2H± −m2W + |λ|2v2s/2 . (3.28)
In the MSSM limit of the model, we have no mixing with a singlet Higgs boson state as and the upper left
mass squared entry becomes the single pseudoscalar mass squared m2P = (m
MSSM
A )
2. But in general even in the
CP-conserving Higgs case, the two pseudoscalar mass eigenstates in the NMSSM, mA1 and mA2 , originate from the
mixing in (3.27).
The only modifications of the NMSSM compared to the MSSM arise from the extended superpotential, that is the
generalized µ-term, imposing a gauge singlet. Nevertheless, the mixing of the corresponding additional states with
other states may generate a coupling of the singlet to the gauge bosons. In table II all new particles predicted by the
NMSSM are shown. The second column lists the gauge eigenstates whereas the right column gives the corresponding
mass eigenstates.
3.4. Stability and electroweak symmetry breaking of the global minimum
In this section we want to present conditions of the parameters in the NMSSM which follow from stability, as well
as from the required symmetry breaking behavior at the vacuum. First of all, the Higgs potential has to be bounded
from below in order to yield a stable vacuum solution. From the F-terms as well as from the D-terms of the potential
we get quartic terms in the Hd, Hu and S fields with positive coefficients for non-vanishing parameters λ and κ. These
quartic terms dominate the potential value for large field values. That is, stability is guaranteed in the NMSSM Higgs
potential if λ 6= 0 and κ 6= 0.
Of course the potential has to have a minimum with the right electroweak symmetry breaking behavior. In particular
this means that the potential value at the vacuum has to be lower than at the symmetric stationary point with
〈Hd〉 = 〈Hu〉 = 0. Moreover a stationary point with 〈S〉 = 0 has to be avoided in order to generate an effective µ
term, necessary to give masses to up- and down-type fermions. Since the Higgs potential is zero for vanishing scalar
doublet and singlet fields we must have 〈V 〉 < 0. Inserting the parameterization (3.9) into the potential (3.8), using
the tadpole conditions and the replacement of Rλ by the charged Higgs mass (3.26) we get an upper bound
m2H± < 2
|λ|2v2s
sin(2β)
+ 2
|κ|2v4s
v2 sin(2β)
+
m2Z
tan2(2β)
− Rv
2
s
sin(2β)
+
4Rκv
3
s
3v2 sin2(2β)
+m2W . (3.29)
Note that this upper bound goes to infinity in the limit vs →∞, that is in the MSSM limit there is no upper bound.
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A further constraint of a minimum of the potential is to have a positive definite Hessian matrix in the scalar fields,
that is, a positive definite scalar mass-squared matrix at the vacuum. Since the eigenvalues of the Hessian matrix are
the mass eigenstates, they have to be positive. In the simplified CP-conserving case where the scalar mass-squared
matrix becomes block diagonal, this condition requires det(M ′P ) > 0, that is (m
2
H±−m2W+1/2|λ|2vs)(3/4Rv2 sin(2β)−
Rκvs) > 3/4R
2v2v2s , giving
m2H± > m
2
W −
1
2
|λ|2vs . (3.30)
that is, in the NMSSM we find for non-vanishing λ a reduced lower bound for the charged Higgs-boson masses
compared to the MSSM. The conditions (3.29), (3.30) together with the tadpole equations are necessary conditions
for a viable global minimum, but not sufficient. A stringent determination of the global minimum which has the
required electroweak symmetry breaking behavior can be found in [58] and will be discussed in more detail in Sect. 6.
3.5. Parameters of the NMSSM Higgs potential
The parameters of the NMSSM Higgs potential (3.8) are
λ, κ,Aλ, Aκ,m
2
Hd
,m2Hu ,m
2
S , (3.31)
in addition to the SU(2)L × U(1)Y couplings g2 and g1. Since the potential is Hermitean we see that λ, κ,Aλ, Aκ
are complex whereas m2Hd ,m
2
Hu
,m2S have to be real. In practice, it is often not useful to fix these initial parameters,
but others like the vacuum expectation values of the Higgs fields, vd, vu, vs, or typically, written via tan(β) = vu/vd,
v2 = v2d + v
2
u for the two Higgs doublets in terms of v ≈ 246 GeV, tan(β), vs. Moreover, we remark that the
parameters m2Hd ,m
2
Hu
,m2S are not the physical parameters of the Higgs bosons since the physical masses arise from
the diagonalization of the mixing matrices as discussed in Sect. 3.3.
The tadpole conditions (3.11) and relation (3.26) can be employed to translate the new set of parameters,
λ, κ, |Aκ|, v, tan(β), vs,m2H± , sign(Rκ), δEDM, δ′κ (3.32)
into the initial parameter set (3.31). Here the phase combinations
δEDM ≡ δλ + φκ + φs , δ′κ ≡ δκ + 3φs (3.33)
are defined and the complex parameters are written as λ = |λ|eiδλ , κ = |κ|eiδκ , Aλ = |Aλ|eiδAλ , Aκ = |Aκ|eiδAκ . We
can easily see how to get the original parameters (3.31) back from this new set: via the phase combinations δEDM
and δ′κ we can determine R and I in (3.12). The tadpole conditions fix then Iλ and Iκ. Together with the length |Aκ|
and sign(Rκ) the phase parameter Rκ is determined. The physical charged Higgs-boson mass m
2
H± gives via (3.26)
immediately Rλ, that is, all phase parameters (3.12) are known at this point. Together with v, tan(β), vs we get all
mass parameters m2Hd ,m
2
Hu
,m2S from the tadpole conditions. It only remains to fix the phases of Aλ and Aκ to arrive
at the initial set. This is done by using again (3.26) since |λ|, |κ|, |Aλ|, |Aκ| are known. Note, that in the mass
squared matrix of the Higgs bosons, the CP-violating entries in the matrix M ′SP in (3.21) are proportional to the
imaginary part of exp[i(δEDM − δ′κ)].
3.6. The one-loop effective potential
For later convenience, let us also introduce the contribution of radiative corrections of the Higgs-boson mass to the
potential, which may be incorporated by studying the effective potential
Veff = V + Vloop . (3.34)
The contributions of corrections from the light particles, that is leptons and the quarks and squarks of the first two
families may be neglected due to the small Yukawa couplings to the Higgs fields. At the one-loop order, the result for
Vloop, first given by Coleman and Weinberg [59], reads
Vloop =
1
64pi2
∑
i
Ci (−1)2Si (2Si + 1) m¯4i ln
(
m¯2i
Q2
)
, (3.35)
where the sum is over all particles with field-dependent masses m¯i, spin Si and color degrees of freedom Ci and Q is
the renormalization scale originating from the loop integral. Of course, this corrections of the Higgs potential change
the tadpole conditions. The field-dependent masses, that is, the masses before spontaneous symmetry breaking occurs,
of the top, the stop, and the gauge bosons are given in App. F.
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3.7. Higgs-boson phenomenology
In contrast to the minimal supersymmetric extension of the SM we have in the next-to-minimal extension, NMSSM,
due to the additional singlet superfield Sˆ two additional Higgs bosons as well as one additional singlino. In particular
the phenomenology of the Higgs bosons may be very different compared to the MSSM. This difference is pointed out
in this subsection. We start with considering one of the advantages of the NMSSM over the MSSM, namely the much
less restricted Higgs-boson sector. In the MSSM the lightest scalar Higgs boson is predicted to not exceed the Z-boson
mass,
(mMSSMH1 )
2 < m2Z cos
2(2β) . (3.36)
This bound is softened through quantum corrections. One-loop corrections to the lightest Higgs boson where stud-
ied [60–63] as well as dominant two-loop corrections [41, 63]. The largest contribution comes from virtual top and
stop loops, where the one-loop corrections read
(∆mMSSMH1 )
2 = c
m4t
v2
ln
(
mt˜Lmt˜R
m2t
)
, (3.37)
with c of the order 1. Confronted with the experimental data, that is, LEP searches for light Higgs bosons in the
MSSM we have the lower bound [64]
mMSSM, expH1 > 92 GeV . (3.38)
That is, we need, considering (3.36) and (3.37) rather large stop masses, which enter only logarithmically in
the radiative corrections, in order to increase the mass of the lightest scalar Higgs-boson in the MSSM. On
the other hand, a large violation of the degeneracy of the superpartner top and stop masses reintroduces a
new kind of unnatural fine-tuning. This is in particular disturbing since one of the main motivation for the
introduction of supersymmetry is to avoid this unnatural large quantum corrections to the scalar Higgs-boson
mass, which occur in the SM. Let us note that there is some debate about this argument and refer the reader to
the discussion in Martin [22]. We notice, that a large mass splitting of the superpartners would reintroduce the
initial naturalness problem we encounter in the SM. Therfore, we expect the superpartner particle masses not to
exceed the scale of 1 TeV too much to be considered as natural. Another argument for superpartner masses not to
exceed the scale of 1 TeV too much is the unification of gauge couplings, which is spoiled by very large mass splittings.
The situation in the NMSSM is quite different. Firstly, the tree-level mass bound (3.36) for the lightest Higgs boson
is no longer valid in the NMSSM. In the CP-conserving Higgs-boson sector case the lower bound is changed to [65]
(mNMSSMH1 )
2 < m2Z
(
cos2(2β) +
2|λ|2 sin2(2β)
g21 + g
2
2
)
. (3.39)
Thus, the upper limit of the lightest CP-even Higgs-boson mass is in general lifted compared to the MSSM (3.36).
Secondly, the experimental bound (3.38) is also much weaker in the NMSSM [66–68]. This can be easily understood:
the main detection strategy of the lightest scalar Higgs in the MSSM is based on Higgs-strahlung off a Z-boson with
subsequent decay of the Higgs boson according to H1 → bb¯ and b-tagging in the detector; see Fig. 1. But in the
e−
e+
Z b
b¯
Z
H1
gHZZ
FIG. 1: Higgs-boson production via Higgs-strahlung and subsequent decay into a bb¯ quark pair, as searched for at the LEP
experiment [64]. The coupling of the Higgs boson to the Z bosons is denoted by gHZZ and given for the NMSSM in App. D.
NMSSM the additional decay channel into a pair of pseudoscalar Higgs bosons, H1 → A1A1, is open, reducing in
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general the bb¯ decay-channel branching fraction. In the case mA1 < 2mb, the subsequent decays of the pseudoscalar
Higgs bosons can no longer proceed via b-quark pairs. In this case, the pseudoscalar decays into τ+τ−, cc¯ or gg and
may escape detection. Then only the weaker decay mode independent LEP bound [69]
m
(N)MSSM, exp
H1
> 82 GeV (3.40)
applies. This experimental search is not based on the decay products of the Higgs boson, but on the recoil mass
spectrum of the Z boson in the process e+e− → ZH1. Therefore, the actual decay of the Higgs boson plays no
role in this search and the given limit applies also to the NMSSM. To summarize, in the NMSSM we have a larger
theoretical upper bound as well as a lower experimental bound and thus this model seems to be favored over the
MSSM with respect to the Higgs-boson sector restrictions.
With these remarks on the restrictions in the Higgs-boson sector, let us also briefly comment on the approach of
Barate et al., [70], on Higgs-boson phenomenology in extensions of the SM. In Fig. 2 the upper limit on the ratio
ξ2 =
(
gHZZ
gSMHZZ
)2
(3.41)
times the branching ratio BR(H → bb¯) is shown, depending on the Higgs-boson mass. In this ratio ξ2, the expression
gSMHZZ denotes the SM Higgs–Z–Z coupling, whereas gHZZ denotes the same non-standard coupling. The dark and
bright bands give the 1–σ and 2–σ deviations from this limit. The limits on ξ2 are gained from LEP1 data at the
Z-resonance as well as from LEP2 data taken at energies between 161 and 209 GeV. The Higgs boson is assumed
to decay into fermions and bosons according to the SM. The dominant decay channel in the SM proceeds via the
bb¯ channel. The Higgs-boson production cross sections for the processes e+e− → HZ, WW → H and ZZ → H
are scaled with the non-standard coupling squared g2HZZ. Obviously, the observation exceeds the upper limit for an
assumed Higgs-boson mass of around 98 GeV. As is argued in the works of Dermisek et al. [66, 67], the observed
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√s = 91-210 GeV
H→bb
–
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FIG. 2: Upper limit on the ratio ξ2 given in (3.41) times the branching ratio of the Higgs boson into bb¯ according to the SM.
The upper limit is gained from at LEP from LEP1 data at the Z resonance as well as from LEP2 data taken at energies between
161 and 209 GeV. The dark and bright band give the 1–σ and 2–σ deviations from the central upper limit. The observation is
shown (full line), exceeding the upper limit for a Higgs-boson mass of about 98 GeV. The horizontal line above represents the
SM expectation on ξ2. Figure taken from [70].
excess is consistent with models which have a SM-like ZZH1 coupling but a reduced branching ratio BR(H1 → bb¯)
due to new open decay channels. As aforementioned, in the NMSSM the light scalar Higgs boson may decay into
a pair of pseudoscalars H1 → A1A1. In case mA1 < 2mb the pseudoscalar A1 can not subsequently decay into bb¯
pairs, but decays into τ pairs or jets. As is argued, for a SM-like ZZH1 coupling and BR(H1 → bb¯) ≈ 0.08 and
BR(H1 → A1A1) ≈ 0.9 the observed excess at mH1 ≈ 98 GeV is nicely reproduced.
Let us turn our attention to the prospects of Higgs-bosons in the NMSSM at the LHC, where we mention the
approaches [35, 41, 63, 66, 71–81].
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In Ref. [71], published in 1996, the Higgs detection capability of LEP2 and LHC was studied. It was stated, that
there is large parameter space, where all Higgs bosons in the NMSSM escape detection at both collider experiments,
LEP2 and LHC. With respect to the LHC, an integrated luminosity as high as 600 fb−1 was assumed.
However, in the meantime much improvements compared to the initial study could be achieved. In 2002 an
investigation of Ellwanger, Gunion and Hugonie [78] was titled rather promising: Establishing a No-Lose Theorem for
NMSSM Higgs Boson Discovery at the LHC. At this time there were improvements at the theoretical side, like the two-
loop corrections to the effective potential [41, 63] and the predictions of the W -fusion channel Higgs-boson production
at the LHC [72–76]. Moreover the improved LEP2 data were available, constraining the NMSSM parameter space
further. Taking the newly predicted detection channels into account, that is the associated production of Higgs bosons
with a top pair and the two W -fusion channel, altogether the following channel list is studied in [78]:
1) gg → H → γγ ,
2) WH or tt¯H production with γγl±in the final state ,
3) tt¯H with H → bb¯ ,
4) gg → H/A or bb¯H/A production with H/A→ τ τ¯ ,
5) gg → H → ZZ∗ → 4 leptons ,
6) gg → H →WW ∗ → l+l−νν¯ ,
7) at LEP2: e+e− → ZH and e+e− → HA ,
8) WW → H → τ τ¯ ,
9) WW → H →WW ∗ ,
(3.42)
where H denotes any CP-even and A any CP-odd Higgs-boson, that is a CP-conserving Higgs-boson sector is
considered. In this study, the Higgs–to–Higgs as well as Higgs–to–top decays are not taken into account, that
is, parameter sets leading to a particle spectrum which allows kinematically for these decays are disregarded.
Explicitely, the disregarded decay channels are H → HH, H → AA, H → H+H−, H → AZ, A → HA, A → HZ,
H/A → H±W∓, H/A → tt¯, t → H+b. The suppression of these decay channels is implemented by invoking the
following constraints:
mH3 < 2mH1 , 2mA1 , 2mH± ,mA1 +mZ ,mH± +mW ,
mA2 < mH1 +mA1 ,mH1 +mZ ,mH± +mW ,
mH± > 155 GeV.
(3.43)
Further assumptions are the absence of Landau singularities (see Sect. 5.1) and, as mentioned before, the LEP2
constraints on Higgs strahlung e+e− → ZH [82] and e+e− → HA [83]. Moreover, in the parameter space it is
required that |µ| ≡ λvs > 100 GeV in order to avoid a light chargino, which is experimentally excluded. Neglecting
kinematically the Higgs–to–Higgs, Higgs–to–top decays and Higgs–to–neutralino decays, it is found that at least one
Higgs boson will be detected at LHC for a luminosity of 300 fb−1 for arbitrary choices of remaining parameters, with
a statistical discovery level of at least 5–σ.
In 2003 this investigation was followed by supplementing the missing H → AA decay channel via W -fusion, that
is, WW → H → AA [79] (Towards a no-lose theorem for NMSSM Higgs discovery at the LHC). There, special
parameter sets are chosen, representing cases which are rather difficult for detection at the LHC in this channel due
to difficulties with respect to the background.
In 2005 follows a study [84] (Difficult scenarios for NMSSM Higgs discovery at the LHC) with an investigation
aiming to reveal parameter sets which yield a mass and coupling spectrum such that no Higgs boson is detectable at
the LHC. A CP-conserving Higgs sector is considered. Gaugino mass unification is assumed, where M2 = 1 TeV is
fixed at the electroweak scale, corresponding to M1 ≈ 500 GeV and Mg˜ ≈ 3 TeV. For the soft supersymmetry breaking
parameters it is set mQ = mu˜ = md˜ = mL = me˜ = 1 TeV for all three generations. Further, the A-parameters are
fixed to Au = Ad = 1.5 TeV for all generations. Eventually, a minimal charged Higgs-boson mass, mH± > 155 GeV,
is assumed in order to avoid detection of charged Higgs bosons in decays like t→ H±b for moderate values of tan(β).
This choice of parameters suggests that the Higgs-boson detection might be the only new signal at the LHC. Over
the following ranges of remaining parameters is scanned:
10−4 ≤ λ ≤ 0.75 , −0.65 ≤ κ ≤ 0.65 , 1.6 ≤ tan(β) ≤ 54 , −1 TeV ≤ µ = λvs, Aλ, Aκ ≤ 1 TeV . (3.44)
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FIG. 3: Central exclusive production of a light CP-even Higgs boson (H) in proton (p) collisions, pp → ppH, as suggested
by [81]. The Higgs boson H decays into a pair of pseudoscalar Higgs bosons A. The process proceeds via a fermion loop.
In this study the “no-lose” theorem is confirmed, if the Higgs-to-Higgs decays are kinematically excluded via (3.43).
As is noted, this exclusion corresponds to large parts of available parameter space. In the complementary region of
parameter space in deed parameters are found, where no detection at LHC may be achievable, as is reported. We
repeat two example parameter sets, denoted by set 7 and 8,
parameter set λ κ tan(β) µ Aλ Aκ
7 0.5 -0.15 3.5 200 780 230
8 0.27 0.15 2.9 -753 312 8.4
which might lead to a particle and coupling spectrum not detectable at the LHC. In the parameter set 7 the
next-to-lightest CP-even Higgs boson H2 has SM-like couplings and decays dominantly via H2 → H1H1, with
branching ratio BR(H2 → H1H1) = 0.93. Moreover, the H1 has only small couplings to bb¯ and τ+τ−, following from
the fact that H1 is mostly H
0
u-like in the mixing matrix. This means that the signature WW → H2 → 2j τ+τ−
is suppressed and there remains only the 4j final state which is of course heavily plagued by QCD background. In
parameter set 8 the lightest CP-even Higgs boson H1 is SM-like and decays exclusively via H1 → A1A1. In this
scenario the pseudoscalar A1 Higgs boson is very light, that is, mA1 = 1 GeV, and decays only into light jets. Thus,
also this signature is overpowered by QCD background. The authors note that at a complementary e+e− collider,
like the proposed ILC, the scenarios, difficult to detect at the LHC, could be observed in the decay-independent
signature e+e− → Z∗ → ZX, as discussed in the end of this section.
In the work [81] (Reinstating the ’no-lose’ theorem for NMSSM Higgs discovery at the LHC) a clear statement of a
5–σ discovery of at least one Higgs boson is given. This statement is achieved by employing an additional constraint: it
is argued that absence of large fine-tuning in the NMSSM corresponds to parameter space with a CP-even Higgs boson
in the mass range 90 GeV < mH < 100 GeV. In this work fine-tuning is studied on a quantitative basis, introduced
later in Sect. 5.1. It is argued, that for a CP-even Higgs-boson with mass around 98 GeV, the only remaining decay
not excluded by LEP may proceed via a light pair of pseudoscalars with subsequent decay into τ ’s or jets,
H → AA→ τ+τ−τ+τ− or 4j . (3.45)
The current experimental lower limits of this process with the decay into τ ’s is mNMSSM, exph > 89 GeV [64] and with
the decay into final state jets is mNMSSM, exph > 82 GeV [69] from the decay mode independent searches. This means
that Higgs production with subsequent decay (3.45) is well beyond the constraints at LEP. Further, it is noted that
the requirement mA < 2mb is natural in the sense of low fine-tuning. Nevertheless, it is found that this decay channel
is very challenging to detect at the LHC in all so far studied Higgs production processes. However as an additional
search strategy, the authors suggest to consider the well-known central exclusive production of a light Higgs boson H
via the process pp→ ppH. This process with the subsequent decay into a pair of pseudoscalar Higgs-bosons is shown
in Fig. 3. This detection mode requires the outgoing protons p to be detected in purpose-built low-angle detectors
(FP420) [85, 86]. Via these special detectors the four-momentum of the central system could be reconstructed very
accurately and thus the masses of both the H and the A be determined on an event-by-event basis. The investigation
shows that this technique in deed would allow for a discovery of the lightest Higgs bosons even when background is
taken into account.
The decay chain (3.45) with mA1 < 2mb and large branching fractions BR(A1 → τ+τ−) was also studied in the
publication of Belyaev et al. [87] in order to close the gap for a ’no-lose’ theorem. The parameters of the Higgs-boson
sector (see Sect. 3.5) were varied in large ranges and the remaining parameters, which enter the Higgs-boson
sector only at the suppressed loop level, were fixed in this study. The authors were looking for signatures, where
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two τ ’s decay into µ’s and the other two τ ’s into jets. The Higgs-strahlung as well as the vector-boson-fusion
production channels were considered and, as is reported, thousands of events are predicted, mostly originating from
vector-boson-fusion processes. An extended investigation, taking also the background into account, is announced to
be in preparation.
The decay channel with A1 decaying into a pair of muons instead of taus has the advantage of much bet-
ter detectability in the muon systems of the detector of hadron colliders. In [88] it is reported that even for
2mτ < mA1 < 2mb, the subdominant decay into muons could be detected. Constraints were deduced recently from
negative searches for the decay H1 → A1A1 with either both pseudoscalars A1 decaying to µ’s or one decaying
to µ’s and the other to τ ’s by the D0 collaboration at Tevatron [89]. For the negative search for the four µ final
state the upper limit of σ(pp¯ → H + X) · BR(H → A1A1) · BR(A1 → µ+µ−)2 . 10 fb for 2mµ < mA1 < 2mτ is
given. Note that the decay of even lighter pseudoscalars mA1 < 2mµ is excluded by the model-independent search in
proton–copper collisions at Nikhef [90].
Eventually we note that at a future electron–positron collider like the international linear collider (ILC) with
center-of-mass energies up to 1 TeV, the study of the Higgs-strahlung process e+e− → Z∗ → ZH would be accessible
for a large mass range of the Higgs bosons. In the ILC reference design report, referring to an investigation in
the constrained NMSSM [91], it is stated that the measurement of the Higgs-boson masses with a resolution of the
order of 100 MeV could be achieved, if the Higgs bosons are not too heavy. A very direct approach available at an
electron-positron collider is the Higgs-boson detection, independent on the subsequent decay-mode. From the recoil
mass spectrum against the Z-boson in the process e+e− → Z∗ → ZX the Higgs boson is detectable if the couplings
to the Z-boson are not too small. This decay-mode independent search is in particular interesting in the case, where
the Higgs-to-Higgs decay is dominant and the LHC might fail to detect the decay products.
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4. NEUTRALINOS
The modification in the NMSSM compared to the minimal supersymmetric extension originates from the superpo-
tential terms λSˆ(HˆTu Hˆd) +
1
3κSˆ
3 accompanied by the introduction of an additional singlet Sˆ. Here we focus on the
modification which arises from the fermionic part of the singlet Sˆ, the so-called singlino S˜. For studies of the MSSM
phenomenology we refer the reader to the review of Martin [22] including detailed references. Note that we do not
have additional charginos compared to the MSSM. The singlino component of the superfield gives a fifth neutralino
which in general mixes with the bino B˜0, wino W˜ 0 and the Higgsinos H˜0d and H˜
0
u; see Tab. II. Collecting all quadratic
terms as performed in App. D we arrive in the basis ψ0 = (B˜0, W˜ 3, H˜0d , H˜
0
u, S˜)
T at the symmetric neutralino mass
matrix
Mχ˜0 =

M1 0 −cβsWmZ sβsWmZ 0
0 M2 cβcWmZ −sβcWmZ 0
−cβsWmZ cβcWmZ 0 −λvs/
√
2 −λvu/
√
2
sβsWmZ −sβcWmZ −λvs/
√
2 0 −λvd/
√
2
0 0 −λvu/
√
2 −λvd/
√
2
√
2κvs
 . (4.1)
This neutralino mass matrix reflects the fact that the singlino S˜ does not couple to the gauge bosons but only
to the Higgsino doublets H˜0d , H˜
0
u in addition to the selfcoupling in the lower diagonal entry. In case of a small
mixing of the singlino with the Higgsinos the singlino decouples. In this case the behavior of the four neutralinos
is MSSM-like and the mass of the singlino is at tree level given by the lower diagonal entry m2
S˜
≈ 2κ2v2s . For large
mass values mS˜ the singlino may escape detection and a distinction of the NMSSM from the MSSM is very difficult [92].
After diagonalization with the unitary rotation U of the mass matrix (4.1) we end up with five neutralinos
χ0i = Uji ψ
0
j with i, j = 1, ..., 5 (4.2)
which afterwards are arranged in ascending order, thus we end up in Dirac notation with χ˜0i , i = 1, ..., 5, with χ˜
0
1
the lightest neutralino (more details are given in App. D). The singlino components of the mixed states do not
couple to gauge bosons, gauginos, leptons, sleptons, quarks and squarks. Thus, in addition to an increased total
number of neutralinos, we expect in particular a changed behavior compared to the MSSM for a neutralino with a
large singlino component, that is for a singlino-like neutralino. It is worthwhile to note that the detection of a fifth
neutralino would be a clear signal of an extended supersymmetric model. However, the production cross section of a
singlino-like neutralino is rather small due to its small couplings. Moreover it is evident from its small couplings that
a singlino-like neutralino, which is not the LSP, would be omitted in cascade decays.
In Fig. 4 the mass spectrum of the five neutralinos as well as the dominant mixings (couplings) of the mass
eigenstates are shown depending on µλ ≡ λv/
√
2, as presented in [92]. The parameters chosen for this plot are given
in the figure caption. The parameter µλ determines the mixing of the singlino with the Higgsinos, as is evident from
the mixing matrix (4.1). We see that in this scenario the lightest neutralino is singlino-like, since the mixing U55 is
dominant for small values of µλ as shown on the right hand side of Fig. 4. This is what is expected since for small
µλ the singlino decouples from the other neutralinos. Let us note that in [92] a study of neutralino production cross
sections in e+e− collisions and decay rates of the neutralinos can also be found.
In the study by Hesselbach and Franke [93] the associated singlino-like neutralino production is discussed
e+e− → χ˜01χ˜0S , (4.3)
where χ˜0S denotes a singlino-like neutralino. From the neutralino mixing matrix (4.1) we see from the lower diagonal
entry that we get a neutralino with a large singlino component for a large vacuum-expectation-value vs. As shown in
Fig. 5 the total cross section drops with increasing singlet vacuum-expectation-value vs (denoted by x in this work),
as is evident from the increasing singlino-component in χ˜0S , that is, smaller couplings for rising vs. The effect of beam
polarization is also shown in this figure and we see that we get total cross sections of the order of 10 femtobarn for
not too large vs, depending also on the beam polarizations. The chosen parameters in this example are given in the
figure caption.
In case that four light neutralinos are detected, the distinction of the minimal supersymmetric model from further
extension is in general difficult. As noted already, a heavy singlino-like neutralino would be omitted in cascade decays
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FIG. 4: Neutralino masses (left) and mixings (right) depending on µλ ≡ λv/
√
2. The other parameters are fixed to
√
2κvs =
120 GeV (this is the lower diagonal entry in the mixing matrix (4.1)), M1 = 250 GeV, M2 = 500 GeV, λvs/
√
2 = 170 GeV,
tan(β) = 3. The numbering i = 1, ..., 5 denotes the mass eigenstates in the mixing χ0i = Uji ψ
0
j (4.2), before the arrangement
in ascending order. The mixing entries in the matrix Uji are denoted in the right plot by the indices, that is, for instance |53|
denotes |U53|. The dashed respectively dotted curves show an approximation, in case the singlino–Higgsino mixing is suppressed,
that is, for v  vs. Figure taken from [92].
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FIG. 5: Total cross section for singlino-like neutralino production e+e− → χ˜01χ˜0S depending on the vacuum-expectation-value
vs, here denoted by x as presented by Hesselbach and Franke [93]. The electron–positron center-of-mass energy is fixed to
500 GeV. The model parameters chosen are inspired by the SPS1a scenario in the MSSM with M1 = 99 GeV, M2 = 193 GeV,
tan(β) = 10, µ = λvs = 352 GeV. The full line refers to unpolarized beams, the dashed line to beam polarizations P− = +0.8,
P+ = −0.6 and the dotted line to beam polarizations P− = −0.8, P+ = +0.6. The mass of the neutralino χ˜0S is fixed at 120 GeV
by the κ-parameter.
of even heavier supersymmetric partner particles. In case there is substantial mixing in the neutralino sector there
is a method discussed by Choi et al. [94] to discriminate the NMSSM from the MSSM at a future electron–positron
collider: the total cross section, summed over the four light neutralinos and normalized to its asymptotic form in the
limit of infinite center-of-mass energies, is sensitive to the total number of neutralinos. The energy dependence of the
ratios for the MSSM and the NMSSM is shown in Fig. 6. The model parameters chosen in this plot are given in the
figure caption.
There remains the possibility that the singlino-like neutralino is the LSP as discussed in more detail in Sect. 5.4.
Parameter scans in the NMSSM show that there is indeed large parameter space with this possibility passing all
nowadays known theoretical and experimental constraints. Due to conserved matter parity this LSP singlino-like
neutralino would escape detection. However, due to its small couplings, the next-to-lightest supersymmetric particle
(NLSP) would decay very slowly into the singlino-like LSP. This opens the possibility to observe displaced vertices
23
500 1000 1500 2000 2500
√s  (GeV)
0
0.25
0.5
0.75
1
1.25
ra
tio
MSSM
(M+1)SSM
FIG. 6: Energy dependence of the four light neutralino production cross sections summed up and normalized to its asymptotic
form for infinite center-of-mass energies. The full line corresponds to the MSSM, whereas the dashed line corresponds to the
NMSSM. The assumed parameters are tan(β) = 10, |M1| = 100.5 GeV, M2 = 190.8 GeV, |µ| = |λvs| = 365.1 GeV where CP-
invariance in the Higgs-boson sector is assumed. The selectron masses are fixed to me˜L = 208.7 GeV and me˜R = 144.1 GeV.
Figure taken from [94].
[95–97]. The partial decay width of a sfermion f˜ decaying into the LSP neutralino χ˜01 and a fermion f is [98–100]
Γ(f˜ → χ˜01f) =
ρ1/2(mf˜ ,mχ˜01 ,mf )
16pim3
f˜
(
(a2 + b2)(mf˜ −mχ˜01 −mf )− 4 a b mf˜mχ˜01
)
(4.4)
with kinematic function ρ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz and a and b the left- and right couplings in the
Lagrangian
Lf˜fχ˜01 = f¯(aPR + bPL)χ˜
0
1f˜ + c.c. (4.5)
The length of flight of the sfermion is simply lf˜ = ~c/Γ(f˜ → χ˜01f). Scenarios of the NMSSM are studied for which
a NLSP χ˜02 decays into a singlino-like LSP χ˜
0
1. As is pointed out, rather large vacuum-expectation-values vs are
required in order to get a very pure singlino-like neutralino and suppressed couplings accompanied by observable
displaced vertices.
In the approach of Kraml, Raklev and White [101] a special scenario is studied, motivated by the parameter set
SPS1a in the MSSM and extended to the NMSSM. In this scenario, the LSP is a singlino-like neutralino χ˜01 and the
NLSP a bino-like neutralino χ˜02 with a small mass difference ∆m = mχ˜02 −mχ˜01 . Their analysis is based on cascade
decays which eventually end up with the decay
χ˜02 → χ˜01 l+ l− . (4.6)
Due to the small mass difference, the final state leptons are soft and could escape detection. As the authors emphasize,
with a typical kinematical cut on the minimal transversal momentum of leptons at the LHC this could lead to a wrong
interpretation of a χ˜02 LSP, since non of the true final state particles would be seen in this case. Accepting low momenta
of the final state leptons, the measurement of the invariant di-lepton mass squared distribution m2ll ≡ (p+l + p−l )2,
with the momenta of the leptons denoted with p±l , would allow to determine the mass difference ∆m = mχ˜02 −mχ˜01
at the edge of a measured m2ll distribution.
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5. PARAMETER CONSTRAINTS
In this section we will discuss some parameter constraint studies, performed in the NMSSM. We start with theoretical
constraints. Constraints originating from a viable global minimum of the Higgs potential, that is, a global minimum
which has the correct electroweak symmetry breaking behavior, are discussed in detail in Sect. 6. We mention the
requirement of perturbativity of couplings in considering renormalization group equations. Then we turn to fine-
tuning. In a series of recent papers some attention is payed to fine-tuning in extensions of the SM; for instance
in [66–68], where fine-tuning is quantified in terms of a simple function. We proceed with constraints coming from
the requirement of a vacuum which does not break color- and electric charge. Also an approximative constraint
can be gained from the condition to have a non-vanishing vacuum-expectation-value for the singlet 〈S〉 = vs. On
the experimental side we first consider the firm exclusion limits from collider experiments. Further constraints with
respect to the anomalous magnetic moment of the muon, the b-meson decay, cosmological constraints from indirect
as well as direct detection of cold dark matter and strong first order electroweak phase transitions are considered.
Finally, we review some generic parameter scans over large parameter regions, revealing the viable parameter space.
5.1. Theoretical constraints
Let us start with the Landau pole exclusion constraint. The renormalization group equations for the NMSSM have
been determined to two-loop order. Here we present the one-loop results of the gauge couplings and the superpotential
parameters λ and κ as well as yt in the case of a CP-conserving Higgs sector [56].
d
d t
g¯a =
1
16pi2
ba
2
g¯3a, (a = 1, 2, 3) ,
d
d t
y2t =
1
16pi2
y2t
(
λ2 + 6y2t −
16
3
g¯23 −
13
15
g¯21
)
,
d
d t
λ2 =
1
16pi2
λ2
(
4λ2 + 2κ2 + 3y2t − 3g¯22 −
3
5
g¯21
)
,
d
d t
κ2 =
1
16pi2
6κ2
(
λ2 + κ2
)
.
(5.1)
The coefficient for the couplings are b1 = 33/5, b2 = 1, b3 = −3. The context of the gauge couplings g¯1, g¯2 with
the conventional couplings is g¯1 =
√
5/3g1, g¯2 = g2 with, as usual, e = g2 sin(θW ) = g1 cos(θW ). The scale factor is
defined as t = ln(Q2/mGUT) with unification scale mGUT ≈ 3 · 1016 GeV and Q the scale under consideration. Note
that the unification of the gauge couplings at the GUT scale occurs also in the NMSSM, like in the MSSM. This is
due to the fact, that the additional superfield Sˆ is a gauge-singlet.
The requirement of perturbativity of the couplings means that quantum corrections are assumed not to become too
large at all scales from the electroweak scale of about 100 GeV up to the gand unification scale of about 3 · 1016 GeV
(typically, the couplings are required not to exceed 2pi). At least there should not be any Landau pole for the
couplings. Due to the β functions given in (5.1) we see that λ and κ drop with a decreasing energy scale t. That
is, perturbativity up to the GUT scale gives a strong constraint of these coupling parameters at the electroweak
scale. As an example, in Fig. 7 the running of the couplings λ and κ with the assumption of real parameter values
is shown. It is worthwhile to note, that the constraint of perturbativity up to the GUT or Planck scale is based on
the assumption, that the NMSSM is valid up to the very high GUT or Planck scale. In spite of the unification of
gauge couplings, which indicate that this could be true, this is not granted even if the NMSSM may be correct as an
effective theory at the electroweak scale.
One of the main motivations for the introduction of supersymmetry is to avoid the fine-tuning problem we encounter
in the SM. that is, we expect the model under consideration not to reintroduce fine-tuning again. In order to quantify
fine-tuning an appropriate quantity is introduces [102],
F = max
ai
∣∣∣∣d ln(mZ(ai))d ln(ai)
∣∣∣∣ , (5.2)
with ai denoting all soft supersymmetry breaking parameters. Note, that in the original work the Z-boson mass
occurs squared in this expression. With help of this quantity F , parameter sets within a certain model may be
compared on a quantitative basis and the parameters giving lower values of F correspond to a more natural parameter
choice. Moreover this allows also for a comparison of different models with respect to fine-tuning. This approach is
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FIG. 7: Evolution of the dimensionless NMSSM parameters λ and κ supposed to be real [56]. The Yukawa coupling ht is set to
0.8 at the grand unification scale, QGUT = 3 · 1016 GeV. For the evolution of λ we start with λ(QGUT) = 3 and κ(QGUT) = 1.
The evolution of κ is given for vice versa values, that is κ(QGUT) = 3 and λ(QGUT) = 1. See [56] for more details.
employed in some studies on the Higgs-boson spectrum in the NMSSM; see Sect. 5.4.
A further restriction for the parameters in the potential comes from the requirement of a color and electric charge-
invariant vacuum [33, 103]. This is evident if we consider for instance the scalar part of the slepton–slepton–Higgs
superpotential term −e˜∗Rye(L˜THd); see (2.5). With view on Tab. I we see that the supermultiplets have hypercharges
Y (e˜R) = 1, Y (L˜) = −1/2 and Y (Hd) = −1/2 and thus, the superpotential term is invariant under UY (1) transforma-
tions. However a non-zero vacuum-expectation-value of the scalar field e˜R corresponds to a electric charge breaking
minimum. In a analogous way also color breaking minima may arise from the potential. The undesired global minima
of the scalar fields can be translated into charge- and color-breaking bounds (CCB). Let us sketch the bounds found on
the A-parameter, where we follow closely [103]. We start with a generic trilinear superpotential term Wφ = λφˆ1φˆ2φˆ3
with a corresponding scalar part Wφ = λφ1φ2φ3. As shown in App. C we get from this superpotential term a physical
potential by collecting the F-terms, D-terms as well as the corresponding soft supersymmetry breaking terms, yielding
mass terms and trilinear A-parameter terms. The physical potential thus reads
Vφ(φ1, φ2, φ3) =|λ|2
(|φ1|2|φ2|2 + |φ2|2|φ3|2 + |φ1|2|φ3|2)
+ g2a
(
Y aφ1 |φ1|2 + Y aφ2 |φ2|2 + Y aφ3 |φ3|2
)2
+m2φ1 |φ1|2 +m2φ2 |φ2|2 +m2φ3 |φ3|2
+ (Aλφ1φ2φ3 + c.c.) .
(5.3)
Here we denote by Y aφi , i = 1, 2, 3 the eigenvalues of the gauge group generators with adjoint index a and corresponding
couplings ga, originating from the D-terms. Since the initial superpotential term (along with its derived Lagrangian
terms) is supposed to be gauge invariant we have to have Y aφ3 = −(Y aφ1 + Y aφ2). Now we are looking for the global
minimum of the potential Vφ. To this end we examine the directions in field space with φ ≡ φ1 = φ2 = φ3. In
this direction in field space, the so-called D-flat direction, the quartic D-terms of the potential vanish, and do not
protect the potential from a stationary solution for non-vanishing fields. Moreover, in the D-flat direction the potential
becomes very simple, that is
Vφ(φ) = 3|λ|2|φ|4 +
(
m2φ1 +m
2
φ2 +m
2
φ3
) |φ|2 − 2Aλφ3 . (5.4)
Of course we have the desired stationary solution for φ = 0 with Vφ(0) = 0. In order to avoid a vacuum for non-
vanishing fields and thus to avoid a charge breaking minimum, there has not to be a stationary solution with a negative
potential value. This eventually restricts the A-parameter not to be too large, that is we find the constraint
A2 < 3
(
m2φ1 +m
2
φ2 +m
2
φ3
)
. (5.5)
A further approximative constraint arises from the Higgs potential with respect to the Higgs singlet [33, 100, 103].
The dominant singlet-dependent part of the Higgs potential (3.8) reads
VS(S) = κ
2S4 +
2
3
κAκS
3 +m2SS
2 + ... , (5.6)
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where the ellipsis denote terms which have a lower dependence on S. Generally, we want to have a non-vanishing
µ-term, with µ = λvs, requiring a non-vanishing vacuum-expectation-value vs. That is, in this case we have to have
a minimum with a lower potential value compared to the symmetric minimum at VS(0) ≈ 0. This immediately
translates into the approximate parameter condition
m2S .
1
9
A2κ . (5.7)
Note, that this relation is only approximatively valid, since terms in the potential (5.6) are neglected.
In [56] the impact of the vacuum stability constraints as well as the experimental constraints on the Higgs-boson
sector parameter space is studied. Simple analytic expressions for the physical Higgs masses in the CP-conserving
case are derived, taking the one-loop contributions to the Higgs-boson masses from top and stop loops into account.
Using a power expansion in both 1/ tan(β) and 1/MA, where MA is the upper left entry in the pseudoscalar mass
squared matrix (3.27), analytic expressions are found, approximative valid for moderate or large values of tan(β) and
a larger scale MA. Three distinct regions are considered with respect to the PQ-symmetry breaking parameter κ.
The region with vanishing κ corresponds to the PQ-symmetric NMSSM, the region with large values of κ, denoted
as the NMSSM with strongly broken PQ-symmetry and the region with small values of κ, that is, κ 1, denoted as
slightly broken PQ-symmetry. Of course, the negative searches for a light axion on the one hand and the requirement
of absence of a Landau-pole through renormalization group equations for κ up to the GUT scale favor the slightly
broken PQ-symmetry scenario (see Sect. 5.1). As an example, the Higgs-boson masses are plotted in a slightly broken
PQ-symmetry scenario, namely with κ = 0.1 in Fig. 8. The other parameters choices are given in the figure caption.
Also the strong experimental constraint on the mA parameter is indicated in this figure. Note, that mA in general
is not a CP-odd Higgs boson mass in the NMSSM, but the upper left entry in pseudoscalar mixing matrix squared;
see (3.28). The authors point out, that the spectrum, based on their assumptions, in the NMSSM is quite different
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FIG. 8: The one-loop Higgs-boson mass spectrum as a function of MA, the upper left entry in the CP-odd mixing matrix. The
remaining parameters are fixed to κ = 0.1, depicted as slightly broken PQ-symmetry, vs = 3v, tan(β) = 3 and Aκ = −100 GeV.
The arrows denote the region allowed by LEP searches with 95% confidence. Figure taken from [56].
from what is to expect from the MSSM. So, even if some of the Higgs bosons are too heavy to be detected, the
discovery of the lighter Higgs-bosons may allow to distinguish the NMSSM from the MSSM.
5.2. Experimental constraints
1. Collider constraints
The collider constraints give very clear bounds originating from very different observations like the Z-boson width as
well as the direct searches of supersymmetric partner particles in e+e− collisions at LEP. Here we discuss the bounds
which are applied in the NMHDECAY program [104, 105]; see App. B for an overview of some currently available
program tools with respect to the NMSSM.
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A strong constraint arises form the Z-boson precision measurements at LEP [106]. A possible contribution for the
decay into the lightest and stable neutralino pairs Z → χ˜01χ˜01 with mass mχ˜01 < mZ/2 may spoil the measurement of
the invisible decay width ΓinvisibleZ ≡ ΓtotZ −ΓvisibleZ . From a resonance scan the total width ΓtotZ = 2.4952±0.0023 GeV
(along with the Z-boson mass, mZ = 91.1876 ± 0.0021 GeV) is known. The visible decay width consists of decays
into charged leptons (Γl
+l−
Z = 83.984 ± 0.086 MeV, with l = e, µ, τ) and hadrons (ΓhadZ = 1744.4 ± 2.0 MeV). From
this the invisible decay width is measured as ΓinvisibleZ = 499.0 ± 1.5 MeV. This is about what we expect from the
SM, which predicts an invisible part, consisting solely of neutrinos as Γinvisible, SMZ = 501.3± 0.6 MeV. This means a
possible contribution of decays into neutralinos should not exceed the measurement too much,
Γ(Z → χ˜01χ˜01) . 2 MeV . (5.8)
Neutralinos may be produced in pairs at LEP via s-channel Z-boson or Z-boson γ interference or via t-channel exchange
of a selectron. A further constraint arises from searches for pair production of non-LSP neutralinos with subsequent
decay. These processes were searched for at LEP up to center-of-mass energies of 208 GeV [107]. From this negative
search results the limits on the cross sections
σ(e+e− → χ˜01χ˜0i ) < 0.01 pb ,
σ(e+e− → χ˜0i χ˜0j ) < 0.1 pb
(5.9)
with i, j = 2, ..., 5 can be deduced, viable for a sum of neutralino masses in the final state not exceeding the
center-of-mass energy of the colliding electrons.
Charginos could have been produced in pairs at LEP via s-channel exchange or via t-channel exchange of a sneutrino.
The negative search can be translated into a minimal chargino mass limit of [108]
mχ˜± > 103.5 GeV . (5.10)
The production of charged Higgs bosons in pairs e+e− → H+H− was investigated at LEP [109] for general SM
extensions with two Higgs doublets, like the MSSM or the NMSSM. Assuming main decay channels of the charged
Higgs bosons H+ → cs¯ and H+ → τ+ντ and charged conjugated decay products for the H−, a combination of all
four LEP experiments ALEPH, DELPHI, L3 and OPAL with center-of-mass energies up to 209 GeV, give a lower
mass limit of
mH± > 78.6 GeV . (5.11)
There are constraints from the negative searches of the lightest CP-even Higgs boson H1 based on CP-conserving
NMSSM Higgs sector studies. The dominant production at LEP proceeds via Higgs-strahlung off a s-channel Z-boson
(e+e− → Z∗ → ZH). This Higgs-boson production channel was searched for in various subsequent decay channels.
The bounds derived in this way depend on the Higgs-boson mass. Here we mention the subsequent decays H → bb¯
and H → τ+τ− [70], H → jj, with j denoting a jet [110, 111], H → γγ [112], H → invisible, that is, into LSP
neutralinos [113, 114], H → X, that is, independent of the decay product X in e+e− → ZX. The latter channel is
accessible by studying the recoil mass spectrum in Z → e+e− and Z → µ+µ− events and by searching for X → e+e−
or X → γγ and Z → νν¯ [69, 113], H → AA with subsequent decay AA → 4j, AA → 2j cc¯, AA → 2j τ+τ−,
AA → τ+τ−τ+τ−, AA → cc¯cc¯, AA → τ+τ−cc¯ [115]. Also it was looked for the associated production of two Higgs
bosons, e+e− → HA, with subsequent decay HA→ bb¯bb¯, HA→ τ+τ−τ+τ−, and HA→ AAA→ 3(bb¯) [116].
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2. Muon anomalous magnetic moment
The muon anomalous magnetic moment is a quantum effect which is very valuable in studying the possible deviations
from the SM. For a recent review we refer the reader to Sto¨ckinger [117].
The magnetic moment of an electron or muon is
µ = g
(
e
2m
)
s (5.12)
with m mass, e charge, and s spin of the electron or muon and g the gyromagnetic ratio, which is g = 2 following from
the Dirac equation at the classical level. Quantum effects lead to a deviation from this value, called the anomalous
magnetic moment
a ≡ 1
2
(g − 2) . (5.13)
The one-loop QED correction was first calculated by Schwinger and is a = α2pi [118]. The contributions to the muon
γ
µ
γν
Zγ
W had.
had.
γ γ γ γ γ
µ µ µ µ µ
FIG. 9: Contributions to the muon magnetic moment. From left to right the first diagram gives the contribution to the
normal gyromagnetic ratio g = 2. The deviations to g = 2, that is the anomalous magnetic moment come from the quantum
corrections shown in the five right diagrams. The second diagram gives the leading QED Schwinger contributing α
2pi
to a in
(5.13), the third and forth diagrams are the leading electroweak contributions. The fifth diagram shows the leading hadronic
contribution via vacuum polarization and the last one the hadronic light-by-light contribution; see the review [117].
magnetic moment are shown in Fig 9. Generally, loop contribution from heavy particles with mass M are suppressed
by a factor m2/M2 [117]. This makes clear that the anomalous magnetic moment of the muon, aµ, is enhanced by a
factor (mµ/me)
2 ≈ 40, 000 compared to the electron with respect to these contributions.
For a muon anomalous magnetic moment calculation in the SM we refer to the more recent publications mentioned
by the Particle Data Group, [119–124]. For the corresponding calculation of the muon anomalous magnetic moment
in SUSY models see [117, 125–130].
Let us briefly present the current results. The Brookhaven g−2 experiment E821 [131, 132] measures an anomalous
magnetic moment of the muon of
aexpµ = (116, 592, 080± 63)× 10−11 (5.14)
compared to the prediction of the SM, see the review [133],
aSMµ = (116, 591, 785± 61)× 10−11 . (5.15)
Thus we get a deviation of
δaµ = a
exp
µ − aSMµ = (295± 88)× 10−11 , (5.16)
where we added the errors quadratically. If we trust the measurement as well as the SM prediction, this is a
more than 3–σ deviation. The situation is presented by the Particle Data Group [106] and displayed in Fig. 10.
In this figure the deviations of the predictions from the BNL measurement are shown. Note that the prediction
based on the τ data which enter the hadronic vacuum polarization contribution do not deviate very much from the
measurement, whereas all other predictions based on e+e− data show a large deviation. With an E821 upgrade
proposal, called E969 [134], the error is aimed to be at least halved and with the same improvement of the theoretical
predictions [133], the 5–σ discovery limit may in principle be reached.
Of course supersymmetry changes the predictions of aµ, since we get also quantum correction contributions from the
superpartners. The outcome depends on the masses and couplings, not to mention the supersymmetric model under
consideration itself. In any case, the experimental result (5.14) gives a strong constraint on the model. Additional
29
-700 -600 -500 -400 -300 -200 -100 0 100
a
m
  –  a
m
    exp ×
 10–11
BN
L-E821 2004
DEHZ (e+e–-based)
DEHZ (t -based)
HMNT (e+e–-based)
J (e+e–-based)
TY (e+e–-based)
BNL-E821 (average)
–275 ± 56
–80 ± 63
–276 ± 51
–287 ± 68
–274 ± 59
0 ± 63
FIG. 10: Recently published predictions of the SM anomalous magnetic moment of the muon aµ, subtracted from the mean
experimental value from Brookhaven E821, as presented by the Particle Data Group [106]. The dots are predictions based on
e+e− data, the small triangle the prediction based on τ data and the experimental measurement is given by a little square.
The predictions are taken from [119–124].
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FIG. 11: Additional Feynman diagrams contributing to the anomalous magnetic moment of the muon aµ in the MSSM and
the NMSSM.
Feynman diagrams to lowest order contributing to the anomalous magnetic moment aµ in the MSSM and the NMSSM
are shown in Fig. 11. For large tan(β) the dominant supersymmetric contribution comes from the chargino–sneutrino
loop diagram and is approximately given by [135]
|δaSUSYµ | ≈
α
8pis2W
m2µ
M˜2
tan(β)
(
1− 4α
pi
ln
(
M˜
mµ
))
, (5.17)
with α the fine structure constant and M˜ the heavier of the masses in the loop, that is, either the mass of the chargino
or the sneutrino.
The additional contribution to aµ in the constrained NMSSM (cNMSSM) (The cNMSSM is introduced in App. E)
is shown in Fig. 12 in dependence on the unified gaugino mass M1/2, where the unified scalar mass m0 is fixed to
zero [100]. We see in this plot that the cNMSSM gives for M1/2 . 1 TeV a contribution in agreement with the
observation at BNL.
It is worthwhile to add some critical remarks: first of all the experimental value with this high precision of (0.54
ppm) is not confirmed by an alternative laboratory. Secondly, the uncertainty of the predictions is obvious from
the deviating results based on the one hand on e+e− data and on the other hand on τ data. Moreover, even if the
theoretical predictions of the hadronic leading contribution may be under control, the hadronic light by light scattering
contribution (HLLS) is more or less estimated with a rather large contribution of aHLLSµ = 110± 40 [133, 136]. Some
effort is currently done to make this prediction more reliable; see [117].
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FIG. 12: δaSUSYµ in the cNMSSM as a function of the unified gaugino mass M1/2. The darker and brighter shaded areas show
the 1–σ respectively 2–σ deviations from δaµ = a
exp
µ − aSMµ . Figure taken from [100].
3. B-meson decay
The flavor changing neutral current decay Γ(b→ sγ) is very sensitive to physics beyond the SM. The reason is, that
this decay can only proceed via loops in the SM, thus is suppressed. Hypothetically postulated new particles may
contribute to the decay. In supersymmetry there are lots of contributions, two examples are shown in Fig. 13, that
is, a neutralino-sbino loop and a Higgs-boson–top loop. However a quite good agreement of experimental observation
b s
γ
W
sb
γ
χ˜0
b
H−
γ
s
V ∗tsVtb
t t b˜ b˜ t t
FIG. 13: Example diagrams contributing to the b → sγ decay. The left diagram is a SM contribution, where also the CKM-
matrix entries Vtb and V
∗
ts are depicted. The mid- and right-diagrams show contributions occurring in supersymmetry via a
neutralino–sbottom loop and a Higgs-boson–top loop, respectively.
and SM prediction of the b → sγ decay is found not allowing for a large additional total contribution. But, on the
other hand, stringent constraints are put on every new model which postulates new particles which may contribute
to this decay channel.
The experimental world average for the branching ratio (for a minimal photon energy of Emin = 1.6 GeV) is
presented by the Heavy Flavor Averaging Group [137] based on the measurements of BABAR [138], Belle [139] and
CLEO [140]:
BRexp(b→ sγ) = (3.52± 0.25)× 10−4 . (5.18)
In contrast, the corresponding SM prediction [141] is, including the charm loop [142] as well as two-loop contributions
[142–153]
BRSM(b→ sγ) = (3.73± 0.30)× 10−4 . (5.19)
That is, within the errors we have good agreement of the experimental data with the SM prediction. Thus, additional
contributions from extensions of the SM are very restricted in case they contribute to the b→ sγ decay.
31
5.3. Cosmological constraints
Supersymmetric extensions of the SM predict a stable lightest supersymmetric particle (LSP), as long as matter
parity (or R-parity) is conserved. This LSP may account for the observed cold dark matter in the Universe. In the
early Universe the LSP would be present in large numbers in thermal equilibrium. As the Universe has cooled the
LSP’s only may reduce their density by pair annihilation and co-annihilation [154–156]. As their density decreases,
the chance to find another particle to annihilate decreases and at a certain point the comoving density can become
constant (“freeze out”). The remaining relic density can be calculated depending on the considered model. In case
the relic density of the LSP is identified with the cold dark matter candidate, a comparison with the cold dark
matter observations constrain the model. We distinguish between direct detection of the relic density LSP particle in
a detector and the indirect detection via astrophysical observations.
1. Indirect dark matter detection
The most stringent bound comes from the cosmic microwave background (CMB) observation performed by WMAP.
The observed CMB is compared to the predictions of the standard model of cosmology, the so-called Λ-cold-dark-
matter model (ΛCDM). This model depends on six parameters, the Hubble parameter H0, the baryon density Ωbh
2
0,
the cold dark matter density Ωch
2
0, the dark energy density ΩΛ, the scalar spectral index ns, the optical depth τ , as
well as the variation of the spectral index ns and the curvature perturbation ∆
2
R. By adjusting the parameters of the
λCDM, the prediction of the CMB power-spectrum can be fitted to the observation. Taking into account the recent
five year WMAP data, combined with measurements of type Ia supernovae and baryon acoustic oscillations in the
distribution of galaxies, the current 1–σ limits on the ΛCDM parameters are given as [157]
Ωbh
2
0 = 0.02267
+0.00058
−0.00059 ,
Ωch
2
0 = 0.1131± 0.0034 ,
ΩΛ = 0.726± 0.015 ,
ns = 0.960± 0.013 ,
τ = 0.084± 0.016 ,
∆2R = (2.445± 0.096)× 10−9 at k = 0.002 Mpc−1 ,
(5.20)
where we are in particular interested on the cold dark matter density Ωch
2
0 constraint. Note that the Hubble constant
is defined in terms of h0, that is, H0 = 100 h0 km/s/Mpc.
Now let us briefly sketch the calculation of the cold dark matter density in supersymmetric models. This relic
density of the LSP as cold dark matter candidate, supposed to be a neutralino, can be computed by the solution of
the continuity equation [155, 156]
d
dt
(nχ˜R
3) = −〈σannv〉
(
n2χ˜ − (neqχ˜ )2
)
R3 . (5.21)
This continuity equation states that the number of neutralinos, with density nχ˜, in a comoving volume with radius R, is
governed by the competition between annihilations and creations. The creations depend on the density of neutralinos
in equilibrium neqχ˜ . It is assumed that the annihilating particles have non-relativistic relative velocity v. Further, it
is assumed that the annihilating particles as well as the annihilation products are maintained in kinetic equilibrium
with the background thermal plasma through rapid scattering processes [158, 159]. The model-dependent input is
given by the thermally averaged annihilation cross section 〈σannv〉 = a + bv2 with parameters a and b. With this
annihilation cross section the cosmic neutralino density can be deduced [160–162]
Ωχ˜0h
2
0 =
1.07× 109 xfr√
g∗MP (a+ 3bxfr )
1
GeV
, (5.22)
with MP the Planck mass and g∗ ≈ 81 the effective number of degrees of freedom at the freeze-out temperature Tfr
and xfr = mχ˜/Tfr, where mχ˜ is the neutralino mass. In models like the MSSM and the NMSSM the annihilation
cross section can be computed from s-channel Higgs and Z-boson exchange into fermions and gauge bosons, and from
heavier neutralino or chargino t-channel exchange with gauge bosons in the final state. In particular for s-channel
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resonances, rapid annihilation can take place, reducing the relic density strongly. In the NMSSM, in contrast to
the MSSM we have additional Higgs-boson resonances, contributing to the annihilation. In the case of light Higgs
bosons in the NMSSM also new decay channels of neutralinos decaying into a Z boson and a Higgs boson or two
light Higgs bosons are available [163–168]. Contrary, a large singlino component of the LSP reduces the annihilation
cross section, since the singlino does not couple to gauge bosons at tree level.
In the investigation of Belanger et al. [167] the parameters of the NMSSM are scanned in particular with view on
the dark matter constraint in (5.20). In this publication the program package micrOMEGAs [169] is employed, which,
starting from the particle spectrum and couplings, computes the relevant annihilation and co-annihilation neutralino
cross sections and eventually the relic density. The particle and coupling spectrum is provided by the NMHDECAY
program [105]. Assuming gaugino mass unification at the GUT scale (M1/2), the independent parameters are λ,
κ, tan(β), µ = λvs, Aλ, Aκ. The authors find parameter space corresponding to a large singlino component of the
neutralino LSP. This parameter space passes also the current collider constraints. Some representative examples are
given in Tab. III [169]. In the upper part the initial NMSSM parameters are given, followed in the mid part by the
parameters 1 2 3 4 5 6
λ 0.6 0.24 0.4 0.23 0.31 0.0348
κ 0.12 0.096 0.028 0.0037 0.006 0.0124
tan(β) 2 5 3 3.1 2.7 5
λvs [GeV] 265 200 180 215 210 285
Aλ [GeV] 550 690 580 725 600 50
Aκ [GeV] -40 -10 -60 -24 -6 -150
M2 [GeV] 1000 690 660 200 540 470
spectrum
mχ01
[GeV] 122 148 35 10 15 203
U213 + U
2
14 0.12 0.29 0.12 0.03 0.06 0.02
U215 0.88 0.69 0.87 0.95 0.94 0.96
mχ02
[GeV] 259 199 169 87 182 214
m
χ±1
[GeV] 258 193 171 139 196 266
mH1 [GeV] 117 116 36 22 34 115
R213 0.88 0.04 0.98 1.00 1.00 0.04
mH2 [GeV] 128 158 117 114 113 163
R223 0.11 0.96 0.01 0.00 0.00 0.96
mA1 [GeV] 114 59 56 18 15 214
R245 0.99 1.00 0.99 1.00 0.99 1.00
dark matter study
Ωχ˜0h
2
0 0.1092 0.1179 0.1155 0.1068 0.1124 0.1023
channels HA (73%) V V (75%) qq (65%) qq (93%) AA (92%) χ˜02χ˜
0
2 → X (81%)
V V (13%) HA (17%) ll (35%) ll (7%) qq (7%) χ˜01χ˜
0
2 → X (15%)
ZH (8%) HH (5%) ll (1%) χ˜01χ˜
±
1 → X (2%)
HH (3%) ZH (2%) qq (2%)
qq (2%)
ll (1%)
TABLE III: Parameters with a LSP neutralino with a large singlino component (U215) respecting the current collider as well as
the cosmological dark matter constraints as presented in [167]. The neutralino mass mixing matrix U is defined in (D27), the
Higgs-boson mass mixing matrix R is defined in (3.22). Here a CP-conserving Higgs sector is assumed.
particle spectrum and mixings and in the lower part by the dark matter study. Presented are the annihilation and
co-annihilation channels which lead to the required relic density Ωχ˜0h
2
0 in the 3-σ range of Ωch
2
0; with view on (5.20).
For the parameter points 3–5 there are very light LSP neutralinos which have, following from the neutralino mass
mixing parameter U215 (the matrix U is defined in (D27)), a large singlino component. In particular in these cases the
dominating annihilation proceeds via Z- and Higgs-boson resonances. The parameter points 4 and 5 correspond to a
light scalar Higgs boson which is dominantly a Higgs-boson singlet, as can be seen from the Higgs-boson mass mixing
parameter R213 ≈ 1 (the matrix R is defined in (3.22)). In this case the lightest non-singlet SM-like Higgs boson has
to pass the LEP bound. This in turn drives tan(β) close to 3, where the mass mH2 is maximized. In Fig. 14 the
impact of the WMAP constraint on the parameter space is shown. The contours for different values of Ωχ˜0h
2
0 are
given, where the black region corresponds to the WMAP constraint, that is, 0.0945 < Ωχ˜0h
2
0 < 0.1287. The chosen
independent parameters are described in the figure caption. For further details see [167].
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FIG. 14: Contours for Ωχ˜0h
2
0 = 0.02, 0.0945, 0.1287, 1 in the µ–M2 plane, as presented by [167]. The remaining parameters
are fixed to λ = 0.1, κ = 0.1, tan(β) = 5, Aλ = 500 GeV, Aκ = 0. The gaugino masses are assumed to unify at the GUT scale,
corresponding at the electroweak scale to M2 = 2M1 and Mg˜ = 3.3M2. The hatched region is parameter space which is excluded
by LEP due to searches for chargino pairs (5.10); see [167] for further details.
The PAMELA satellite experiment finds an excess of positrons in cosmic rays [170], whereas there is no excess of
anti–protons found [171]. This could be explained in the NMSSM in a rather specific scenario [172]. In this scenario
the dark matter neutralinos can annihilate into the heavier pseudoscalar A2 which subsequently decays into the
lightest pseudoscalar A1 and the CP-even H1. In order to get a large annihilation cross section a resonant s-channel
decay is assumed, forcing to have mA2 ≈ 2mχ˜0 . Further the neutralinos have to be lighter than the top quark to
avoid a decay into a pair of top quarks which would yield an anti–proton access, which is not observed. For the same
reason it is assumed that mA1 < 1 GeV such that the lightest pseudoscalar A1 mainly decays into muons giving the
observed positron excess and suppressing the decay of A1 into mesons. In a parameter scan employing NMHDECAY
(see App. B) parameter space is found which could explain both PAMELA observations with no contradiction to
other constraints.
2. Direct dark matter detection
If the dark matter consists of unidentified particles, the earth should be passing through a flux of these particles
which constitute the dark halo of our Milky Way. Direct detection of dark matter may then proceed via elastic scat-
tering from a target nucleus. The nuclear recoil could then be detected in an appropriate detector. The corresponding
event rate depends on the dark matter density in the solar vicinity and the model-dependent neutralino–nucleus elastic
scattering cross section, under the assumption that neutralinos make up dark matter. For a fixed dark matter density
(which is, following cosmological arguments about ρDM ≈ 300 MeV/cm3) the flux of dark matter particles through a
detector is obviously inverse proportional to its masses.
For investigations of direct neutralino dark matter detection in context with the NMSSM we mention the approaches
[168, 173–176]. On the experimental side we draw the attention to the experiments of the DAMA collaboration [177],
CDMS [178], EDELWEISS [179], ZEPLIN I [180], as well as the XENON10 experiment [181]. Up to now there are no
confirmed detections of any weakly interacting massive particle (WIMP). The sensitivities of some direct detection ex-
periments are shown in Fig. 15 depending on the mass of the neutralino [176]. The dots give predictions of the NMSSM
varied in certain parameter ranges, as indicated in the figure caption. These points pass the LEP/TEVATRON, muon
anomalous magnetic moment, and BR(b → sγ) constraints as discussed above in this section. The grey dots have
passed the relic density constraint 0.1 < Ωχ˜0h
2
0 < 0.3 and the black dots even the much stronger constraint from
the three-year WMAP data 0.095 < Ωχ˜0h
2
0 < 0.112. Obviously there is parameter space left which passes all the
experimental and indirect/direct cosmological constrains in the NMSSM. As indicated in the figure, future direct dark
matter detection experiments may give strong constraints of viable parameter space.
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FIG. 15: Scatter plot of the neutralino–nucleon cross section as a function of the neutralino mass, here denoted by mχ for
tan(β) = 5, and the remaining parameters varied in the ranges 0.01 ≤ λ, κ ≤ 0.7, 110 GeV < M2 < 430 GeV, −300 GeV <
Aκ < 300 GeV, −800 GeV < Aλ < 800 GeV, 110 GeV < vsλ < 300 GeV. All points pass the LEP/TEVATRON collider,
muon anomalous magnetic moment, and BR(b→ sγ) constraints and have a relic density in the range 0.1 < Ωch20 < 0.3 (grey
dots) or 0.095 < Ωch
2
0 < 0.112 (black dots) reflecting the three year WMAP data. The sensitivities of experiments are given by
full lines, whereas the dashed lines give the sensitivities expected in the future. Figure taken from [176].
3. Baryogenesis
The absence of antimatter, that is, the observed baryon asymmetry in our Universe may be generated by strong
electroweak phase transitions (EWPT) of first order [25–28]. Alternatives to EWPT like GUT baryogenesis [182],
baryogenesis via leptogenesis [183] and the Affleck–Dine mechanism [184] are not discussed here. For an overview,
see for instance [185]. One of the attractive properties of EWPT is that this mechanism is understandable in terms
of physics at the electroweak scale, accessible at current colliders. Our focus lies on the discussion of EWPT with
respect to the NMSSM. We start with a brief sketch of EWPT and show how parameter constraints are deduced in
the SM, the MSSM and in the NMSSM.
Phase transitions are generally characterized by an order parameter which suddenly changes at a critical temperature
Tc. In case the order parameter has a discontinuity at Tc, the transition is called a first-order phase transition. In
contrast, if the order parameter changes continuously at Tc, it is called a second-order phase transition. In the
electroweak phase transition the order parameter is identified with the Higgs vacuum-expectation-value. Assuming a
first order electroweak phase transition we have with decreasing temperature a transition from the symmetric phase
with a global minimum at the origin for T > Tc to a symmetry breaking phase with a global minimum with a
vacuum-expectation-value at v 6= 0 for T < Tc. For T = Tc we have degenerate minima at v = 0 and v = vc.
It has been shown that a strong first order phase transition is needed [186, 187], that is
vc
Tc
> ξ ≈ 1 (5.23)
in order to avoid a wash-out of the generated baryon asymmetry after it is generated.
Following closely the argumentation found in [188, 189] let us consider a generic Higgs potential
Veff = m
2φ2 − αφ3 + βφ4 (5.24)
with a generic scalar Higgs field φ. From this potential we see that we get a first order phase transition, that is,
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degenerate minima with a symmetry breaking minimum at vc, for
vc =
α
2β
. (5.25)
Obviously we need a non-vanishing parameter α, that is, a cubic term in the potential in order to get the wanted
symmetry breaking minimum.
In the SM and in the MSSM we do not have a cubic term at all. Nevertheless, an effective cubic term is generated
by thermal loops [190, 191]
Veff = V + V
T
1-loop (5.26)
with
V T1-loop = T
∑
i
∓
∫
d3p
(2pi)3
ln
(
1± e−
√
p2+m2i (φ)/T
)
(5.27)
with i running over all fermions (upper sign) and bosons (lower sign), which couple to the Higgs boson. The expres-
sions mi(φ) are the corresponding field-dependent masses, that is, the masses depending on the Higgs field, before
electroweak symmetry is broken. For high temperature T the effective potential can be expanded as [188]
V T1-loop =
∑
i
1
48
m2i (φ) T
2 ·
{
2
4
}
− 1
12pi
m3i (φ) T ·
{
1
0
}
+
1
64pi2
m4i (φ)
(
ln
m2i (φ)
T 2
− ci
)
·
{−1
4
}
+Om
5
i (φ)
T
, (5.28)
where the upper line is valid for bosons and the lower one for fermions. The constants are
ci =
{
3
2 + 2 ln(4pi)− 2γE , for bosons
cboson − 2 ln(4) , for fermions . (5.29)
Obviously, we get for each boson in (5.28) an effective cubic term. For instance, for the field-dependent charged
W±-boson masses mW±(φ) = g2φ/
√
2 a cubic α-term in (5.24) is generated and first order phase transitions are
possible.
In the SM however, these loop effects are too small, thus give only a too small α-term. From the condition (5.23)
one can deduce an upper bound on the Higgs-boson mass and gets [192]
mSMH < 32 GeV, (5.30)
which is excluded from the lower bound on the Higgs-boson mass from the LEP experiment, mSM, expH > 114 GeV at
95% CL [70]. The conclusion is, that this mechanism of strong first order EWPT is not possible in the SM.
In the MSSM the situation is quite different. Let us sketch briefly the situation in this model. In Sect. 3.7 we have
already seen that the tree-level mass of the lightest Higgs boson, (mMSSMH1 )
2 < m2Z cos
2(2β), is ruled out experimentally
by LEP from the lower bound of mMSSM, expH > 92 GeV [64]. However, as we have discussed, there are quite large
quantum corrections to this tree level mass. The largest contribution to the quantum corrections arise from top and
stop loops, which couple strongly to the Higgs-bosons. We recall the one-loop radiative contribution to the lightest
Higgs-boson mass (3.37),
(∆mMSSMH1 )
2 = c
m4t
v2
ln
(
mt˜Lmt˜R
m2t
)
. (5.31)
This correction allows for larger Higgs-boson masses passing the current LEP limits. From the logarithmic term
we see that large radiative corrections require at least one of the masses mt˜L , mt˜R to be very large. From precision
electroweak constraints we know that t˜L has to be the heavy scalar. This follows from the fact that t˜L couples stronger
to the electroweak gauge bosons than t˜R and a suppression of this loop contributions requires that t˜L is the heavier
scalar. However, from the logarithmic dependence on mt˜L of the mass shift (5.31) it follows that a substantial shift
of the Higgs-boson mass requires a very large mass mt˜L .
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FIG. 16: 95% exclusion regions in the stop–neutralino mass plane for the MSSM. Figure taken from [196].
Now we come to the thermic loops which potentially give a cubic term in (5.28) in the potential required for a
strong first order EWPT [192–195]. The field-dependent stop mass mt˜R reads, taking also thermic corrections of the
stop mass itself into account,
m2t˜R = m
2
u˜ + |yt|2|H0u|2 + cRT 2 , (5.32)
with cR = 4/9g
2
3 + 1/6|yt|2(1 + sin2(β)). A strong EWPT requires a large cubic term (m3i (φ) ∼ φ3 in (5.28)) and
this in turn requires m2u˜ ≈ −cRT 2. In the limit of zero temperature this means that we have to have a rather light
t˜R-mass. Altogether we find a mass hierarchy in the MSSM mt˜R < mt << mt˜L , which is considered to be unnatural,
since it requires fine-tuning. In Fig. 16 the experimental 95% exclusion regions in the stop–neutralino mass plane
are shown as presented by [196]. We see that for a light neutralino, mχ˜ < 45 GeV, stop masses below 120 GeV are
excluded. Thus, with respect to (5.31) we certainly need corrections of the order of 30 GeV in the MSSM, that is,
rather large heavy scalar top mass mt˜L compared to mt˜R , that is, large fine-tuning.
In the NMSSM the strong electroweak phase transition requirement (5.23) is generically much easier fulfilled since
already at tree level we have cubic terms in form of additional soft-breaking terms [197],
Vsoft, trilinear = λAλ(H
T
u Hd)S +
κ
3
AκS
3 + c.c. (5.33)
which are absent in the SM and the MSSM. Note that a cubic term in the generic Higgs potential can not be
constructed in a gauge invariant way from Higgs doublets, since gauge invariance requires the Higgs doublets to
occur in a bilinear or quartic form. Thus, an additional singlet Higgs field S, as introduced in the NMSSM, opens
the possibility of cubic terms without relying on quantum corrections. Moreover, the tree-level mass limit on the
lightest Higgs-boson mass in relaxed in the NMSSM.
There was some effort spent in systematical numerical parameter scans in order to find parameter space fulfilling
the strong EWPT constraint (see for instance [189, 197–199]). Let us start with the study of Pietroni [197]. The
Coleman-Weinberg one-loop corrections (3.35) as well as the non-vanishing temperature contributions to the potential
were taken into account [190, 191]. The following assumptions were imposed.
• Common soft-breaking masses m2Q = M21 = M22 ≡ 1 TeV.
• Fixed values for λ2(mZ) = 0.274, yt(mZ) = 0.97 and κ2 = 1/2λ2.
• A minimal value for the singlet VEV λvs ≤ 45 GeV, following approximatively from the experimental lower
bound on the chargino mass.
• The ratio tan(β) is fixed to the values 2 and 10 and for the Higgs-boson mass parameters it is assumed that
m2Hd > 0, m
2
Hu
< 0 and m2S > 0.
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From a parameter scan it is found that the allowed parameter space leads to an upper bound of mNMSSMH < 170 GeV
for the lightest Higgs boson, far beyond the LEP limits.
In the work of Bastero-Gil et al. [189] also the parameter space is examined targeting on the requirement of strong
first order EWPT. With different assumptions for the soft-breaking parameters as well as for the experimental LEP
bounds it is shown that there is parameter space available in the NMSSM which also respects the LEP Higgs-boson
mass bound.
Let us also mention the paper of Davies et al. [198]. The authors report that in a parameter scan passing appropriate
constraints about one half of parameter points pass the strong first order EWPT condition. Under certain assumptions,
not given here, they find masses of the lightest Higgs boson not exceeding 120 GeV. In this study also a generalization
of the superpotential W in (3.2) is introduced with an explicit µ-term and a linear term:
W ′ = W + µ(HTd Hu)− rS . (5.34)
Of course, by setting the dimensional parameters µ and r to zero the original NMSSM is restored.
Eventually in the publication of Huber and Schmidt [199] emphasis is placed on a subtle point in context with first
order EWPT. As is pointed out, for an EWPT it is required, that phase transition in vd, vu and vs have to occur
simultaneously. This means that all three vacuum-expectation-values should be of the same order of magnitude.
If one has for instance a much larger value vs compared to vd and vu, a cascade of phase transitions would occur
with decreasing temperature. This would not correspond to a first order phase transition which needs a bump in
the effective potential, requiring a trilinear term in the Higgs fields. The authors refer to the parameter scans of
Ellwanger et al. (see the discussion in Sect. 5.4), which predict a generic larger value for vs compared to the doublet
VEVs. In order to circumvent this problem it is proposed that the supplemented superpotential (5.34) should be
taken into account. In this way a compatible vacuum-expectation-value vs of the electroweak order arises. However,
as is pointed out by the authors, the generic larger values of vs arise in studies, where the assumption of unification of
soft-breaking parameters at the GUT scale or other additional constraints are considered. As we will see in the next
subsection, dropping the unification condition meets the criterion of a VEV vs of the electroweak order also without
a modification of the NMSSM superpotential.
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5.4. Parameter scans
A quite generic approach in order to constrain the parameter space of a model is to scan over the parameter
ranges of interest. For each parameter set in this scan the particle mass and coupling spectrum is derived. Then,
the viability of this spectrum is checked, for instance with respect to the corresponding minimum structure: only a
parameter set corresponding to a global minimum in the Higgs potential with the observed electroweak symmetry
breaking is to be accepted in this scan. Moreover, the different experimental and cosmological constraints on the
masses and couplings have to be passed. From the eventually gained allowed parameter space, which passes all
constraints, restrictions can be read off. In this section we want to present only some of the various scans which
have been performed in the NMSSM [38, 100, 200–202]. Typically, they are based on computer tools which calculate
the spectrum and apply various theoretical and experimental constraints. Due to the large number of parameters
in the NMSSM typically not the full parameter space is scanned over for practical reasons. This is in particular
true for the rich part of parameters originating from the soft supersymmetry breaking terms. Note that in the
discussion of Higgs-boson phenomenology in Sect. 3.7 already some studies based on parameter scans were mentioned.
Assumptions like the unification of parameters at a high scale like the GUT scale lead to an enormous reduction of
available parameter space and thus simplify the investigation. Therefore, most of the parameter scan studies are
applied to the constrained NMSSM (cNMSSM); see App. E. We start with briefly discussion some of these studies in
the cNMSSM followed by a parameter scan in the general NMSSM without unification assumption.
Let us first mention a series of investigations of the cNMSSM by Ellwanger et al. [38, 200, 201]. For each of about
one million points in the five-dimensional parameter space, the particle and coupling spectrum of the model at the
electroweak scale is generated by the renormalization group equations. Then, the following constraints are applied:
• Large trilinear soft A-parameters may induce electrically charged or colored vacua; see (5.5). Since this is
phenomenologically unacceptable, the corresponding parameter sets are discarded.
• The global minimum is searched for numerically and the global minimum is required to have non-vanishing Higgs
VEVs vd, vu and vs. In this, the effective one-loop Higgs potential is considered, taking the Coleman–Weinberg
contributions (3.35) into account. The ratio of the VEVs vd and vu is forced to comply with tan(β) < 30.
• The top-quark mass, as derived from the particle mass spectrum, is forced to fulfill the experimental constraints,
that is, 168 GeV < mt < 192 GeV. Also it is checked that the negative search for charginos mχ˜± is not violated;
see (5.10).
It is found that low values of the parameters λ and κ are favored as well as a large value of the singlet VEV vs.
This means that the singlet is decoupled and the NMSSM mimics the MSSM under the unification assumption.
Nevertheless, there remains parameter space where one neutralino has a large singlino component and thus substantial
differences may arise compared to the MSSM. It is pointed out (see for instance [100]) that for small parameters λ
and κ, the two parameters m2S and Aκ change not very much between the electroweak and the GUT scale by the
renormalization group equations, that is, from (5.7) the unification parameter constraints m20 . 1/9A20 is evident.
Note that there is a subtle difference between the cMSSM and the cNMSSM: In the cMSSM small values of the
m0 parameter are disfavored since they lead to a charged slepton LSP, unacceptable as a dark matter candidate.
Contrary, in the cNMSSM a small parameter m0 is favored due to a viable global minimum for non-vanishing vs. The
slepton LSP in the cNMSSM is avoided since the possibility of a singlino-like LSP arises in parameter space [203].
We would also like to mention the approach of Stephan [202]. This study is also performed in the constrained
NMSSM. The main difference to the previously discussed approaches is that in this work in addition the dark matter
constraint, that is, the relic abundance of the LSP, supposed to be a neutralino, is taken into account. There are also
some subtle points concerning some deviating theoretical and experimental constraints, which are applied. Starting
with 5.5 · 108 points in the five-dimensional parameter space, about 4900 points pass the theoretical and experimental
constraints but only 2000 points of these pass the cosmological constraint given by the relic neutralino abundance
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bound. Quite restrict explicit bounds are derived in this way and given already in the abstract of this work:
mH1 < 140 GeV ,
mχ˜0 < 300 GeV ,
me˜R < 300 GeV ,
300 GeV < mu˜R < 1900 GeV ,
200 GeV < mt˜1 < 1500 GeV ,
350 GeV < mg˜ < 2100 GeV .
Scatter plots in the me˜R–mχ˜01 plane are shown in Fig. 17 for the cMSSM as well as for the cNMSSM. Note that in the
cNMSSM the selectron mass me˜R is stronger constrained than in the cMSSM. As mentioned above this arises from
favored lower values of m0, whereas in the cMSSM small values of m0 are disfavored. An upper bound of m0 ≈ me˜R
can be deduced based on the relic density constraint which requires to have nearly degenerate masses of the LSP and
the NLSP [100]. From an approximation for the RGE running of the NLSP mass it is found that m20 . 1/15M21/2,
favoring low values of m0 ≈ me˜R in the cNMSSM in contrast to the cMSSM. Also the strong effect of the application
of the relic abundance dark matter constraint is demonstrated in this figure.
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FIG. 17: Scatter plots in the constraint cMSSM (upper part) compared to the constrained cNMSSM (lower part) in the me˜R–
mχ˜01
plane. The right part shows the scatter plots passing also the WMAP dark matter (denoted by d.m.) constraint. Figure
taken from [202].
In the work of Bastero-Gil et al. [189], the MSSM is compared to the NMSSM. In this study emphasis is placed
on the fine-tuning required in both models in order to comply with the theoretical and experimental constraints.
Fine-tuning is quantified quite similar to (5.2), in the form
∆max = max
ai
∣∣∣∣ aim2Z dm
2
Z
d ai
∣∣∣∣ , (5.35)
where ai denotes all the soft supersymmetry breaking parameters. In a parameter scan the unified scalar mass
is fixed, m0 = 100 GeV, as well as the A-parameters, Aκ(mZ) = 0, At(ΛG) = 0 and the gaugino masses
M1(ΛG) = M2(ΛG) = 500 GeV, where ΛG denotes the GUT scale. The gaugino mass Mg˜ is varied in the range
100 GeV < Mg˜(ΛG) < 600 GeV, and the Higgs-boson mass parameter mHd is devoted to 0 < mHd(ΛG) < 1 TeV,
with µ = λvs < 0. In the NMSSM also the additional parameters λ(ΛG) = 1 and κ(ΛG) = 0.1 are fixed. Requiring
further for the chargino masses mχ˜± > 90 GeV, the values for the fine-tuning function ∆
max are given in Fig. 18
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FIG. 18: Scatter plot of fine-tuning as defined in (5.35) as a function of the lightest physical Higgs-boson mass for tan(β) = 3,
left, and tan(β) = 5, right. In this scan there are fixed values of m0 = 100 GeV, At(ΛG) = 0, M1(ΛG) = M2(ΛG) = 500 GeV,
µ = λvs < 0 and varied parameters Mg˜(ΛG), mHd(ΛG) and mHu(ΛG). The dark shaded regions shows the fine-tuning values
corresponding to the NMSSM and the brighter shaded regions corresponding to the MSSM. The LEP limit on the SM Higgs-boson
with mSMH < 108 mass is also shaded. Figure taken from [189].
for tan(β) = 3 and tan(β) = 5, respectively. Let us cite the authors: The plots are a striking demonstration that
the physical Higgs boson can be heavier and involve less fine-tuning in the NMSSM compared to the MSSM at low
values of tanβ. The large fine-tuning in the MSSM for low tan(β) originates from the LEP bounds on the minimal
Higgs-boson mass confronting the tree-level prediction of a mass below the Z-boson mass mZ . Thus, large quantum
corrections to the Higgs-boson mass in turn require a very large stop mass, that is, large fine-tuning. On the other
hand it is pointed out that low values of tan(β) are favored in order to have a strong electroweak phase transition.
The authors conclude that in the NMSSM the situation is much better with respect to the LEP bound on the
minimal Higgs-boson mass, fine-tuning and baryogenesis via first order EWPT.
In a recent study by Djouadi, Ellwanger and Teixeira [100], focusing also on the cNMSSM, very severe constraints
are found. After applying the theoretical as well as current experimental constraints, including the new WMAP data
on the relic density, there remains a quite narrow window of allowed parameter space. It is reported that in the
cNMSSM, the gluino g˜ turns out to be generically heavier than all squarks q˜. The NLSP is found to be generically
stau-like and nearly degenerate with the LSP mass which is a neutralino, reflecting the constraints coming from the
relic density. The supersymmetric partner particles eventually decay via the stau-like NLSP into the LSP neutralino.
This opens the possibility of the observation of displaced vertices as discussed in Sect. 4. The particle spectra of the
neutralinos, charginos, selectron and stau as well as the spectra of squarks and gluino are shown in Fig. 19. In this
figures, the unified scalar mass is fixed to zero, m0 = 0 (also another choice of the unified scalar mass is discussed in
the paper). We see that the spectra of supersymmetric partner particles are highly restricted by the theoretical and
experimental bounds, where also the current WMAP constraint for the relic density is applied; see (5.20). As the
authors of this investigation have stressed, the measurement of one sparticle mass or mass difference would allow to
predict quite accurately the complete sparticle spectrum in the cNMSSM.
Let us also mention the approach of Bednyakov and Klapdor-Kleingrothaus [174], targeting mainly at the direct
detection of a LSP neutralino dark matter candidate. This direct detection refers to elastic scattering of a dark matter
neutralino from a nucleus producing a nuclear recoil detected in an appropriate detector; see Sect. 5.3. In this work
no unification at the GUT scale of soft parameters is assumed, that is, there is no need to apply the RGE’s from the
GUT scale starting point in this case. The scan is done over the eleven-dimensional parameter space
M1,M2, tan(β), vs, λ, κ,mQ1 ,mQ3 , Au3 , Aλ, Aκ, (5.36)
with mQ1 = mQ2 , mQ3 the soft mass parameters with generation index. For simplicity reasons it is assumed that
m2Q2 ≡ m2u˜1,2 = m2d˜1,2 = m
2
L1,2
= m2e˜1,2 and m
2
Q3
≡ mu˜3 = md˜3 = mL3 = me˜3 . Moreover it is set Au = Ad = Ae ≡ 0
for all generations except Au3 . The soft supersymmetry breaking parameters are defined in (D16). Negative results
for the search for supersymmetric particles at LEP and at TEVATRON are included in the analysis. The resulting
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FIG. 19: Spectrum of Higgs bosons in the upper plot (here denoted with small letters), neutralino-, selectron- and stau-mass
spectrum in the left plot and squark- and gluino-mass spectrum in the right plot. The unified scalar mass is set to m0 = 0.
Degeneracy of the masses m
χ˜±1
= mχ˜3 and mχ˜±2
= mχ˜4/5 is found. Plots taken from [100].
allowed parameter space is compared once without any cosmological constraint on the co-annihilation rate of the
LSP and once taken the constraint 0.025 < Ωχ˜0h
2
0 < 1 into account. This cosmological constraint alone gives, as is
reported, a 20% cut on the allowed parameter space. As is pointed out in their conclusion, under their assumptions,
but without unification of soft supersymmetry breaking parameters at the GUT scale, there remain domains in
parameter space where the lightest neutralino has a quite small mass, even as small as 3 GeV. In this work it is
stressed that in a proposed germanium 73Ge detector there are large event rates expected in the NMSSM. Let us
remark, that with view on the current WMAP data, it would be very interesting to see the effect of the current much
tighter bounds in this study; see (5.20).
Finally, it is clear that the results of the here discussed parameter scans depend strongly on the assumptions
taken into account, like the unification of parameters. On the other hand are the results also strongly dependent
on the constraints applied to the derived particle and coupling spectra. To summarize, we have seen that at least
for the general NMSSM, without any unification assumptions, there is a lot of viable parameter space, even if the
cosmological LSP cold dark matter constraint is taken into account. Nevertheless, even that the cNMSSM seems to
be very restricted, it remains a viable model with respect to all applied theoretical and experimental bounds.
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6. DETERMINING THE GLOBAL MINIMUM OF THE HIGGS POTENTIAL
It is a non-trivial task to find the global minimum of Higgs potentials with a large number of Higgs-boson fields.
For instance in the NMSSM the Higgs-boson sector consists of two complex electroweak doublets and one complex
electroweak singlet, that is, 8 real fields from the doublets plus 2 real fields from the singlet. The conventional approach
based on the unitary gauge requires the global minimum to be found in a 7-dimensional field space. Typically,
numerically methods are applied in such involved cases in order to determine the global minimum; in contrast, here
we want to discuss an algebraic approach [58]. In this approach all stationary points of the tree-level Higgs potential
are found and supposed, the potential is bounded from below, the global minimum is identified from the corresponding
lowest value of the potential. The method is applied to the NMSSM, revealing a quite surprising structure of stationary
points, that is minima, maxima, and saddle points with different behavior with respect to the symmetry breaking of
the SU(2)L × U(1)Y electroweak gauge group.
The global minimum of the Higgs potential gives the expectation values of the Higgs fields at the stable vac-
uum. Parameter values for the Higgs potential are thus considered to be acceptable only, if the global minimum of
the Higgs potential occurs for Higgs-field vacuum-expectation-values, which induce the spontaneous breakdown of
SU(2)L × U(1)Y to the electromagnetic U(1)em at the electroweak scale v ≈ 246 GeV.
Firstly, the tree level Higgs potential for general models with two Higgs doublets and an arbitrary number of addi-
tional Higgs singlets is considered. The first step is to recognize that the potential is restricted by renormalizability and
gauge invariance. Renormalizability restricts the potential to at most quartic terms in the Higgs fields. Electroweak
gauge invariance restricts the possible doublet terms in the potential, since only gauge invariant scalar products of
doublets can occur. Substituting the doublet fields by appropriate functions of these invariant scalar products, all
gauge degrees of freedom can be eliminated. The method to base the analysis on bilinear gauge-invariant functions
was introduced already in context with the general two-Higgs doublet model [204, 205].
The global minimum is among the stationary points of the potential. The stationarity conditions of the Higgs
potential form non-linear, multivariate, inhomogeneous polynomial systems of equations of third order. A systematic
approach to solve these – in general quite involved – systems of polynomial equations is possible by a Groebner basis
computation, well established in ideal theory [206–208]. The Groebner basis was originally introduced to solve the ideal
membership problem. Constructing this Groebner basis with an appropriate ordering of the monomials (see App. H
for an illustration of the Groebner basis approach and further details), for instance the lexicographical ordering, and
subsequent triangularization allows to solve the initial system of equations algorithmically for any finite number of
complex solutions. The introduction of gauge invariant functions just avoids continuous gauge symmetries in the
potential and the finiteness of the set of complex solutions can be easily checked within this algorithmic approach.
Moreover, this approach guarantees that all stationary points are found.
In [58] the method is applied to the NMSSM. For the computation of Groebner bases as well as the subsequent steps
to solve the systems of equations the freely available open-source algebra program SINGULAR [209] is employed. It
is found that large parts of the parameter space of the NMSSM Higgs potential can be excluded by requiring the
global minimum to have the electroweak symmetry breaking observed in Nature. This is illustrated by determining
the allowed and forbidden ranges for some generic parameters of the model.
6.1. Stationary points in the NMSSM
The NMSSM Higgs potential is given in Sect. 3.1 with parameters
λ, κ,m2Hu ,m
2
Hd
,m2S , Aλ, Aκ. (6.1)
The quartic terms of the potential (3.8) are positive for any non-trivial field configuration, if both λ and κ are non-
vanishing. The potential is therefore bounded from below for all cases considered here, and stability needs not to be
checked any further.
The NMSSM Higgs potential is translated to the formalism described in App. G, where all Higgs-doublet scalar
products are replaced by real gauge-invariant functions, K0, K1, K2, K3 and the complex singlet field is decomposed
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into two real fields according to S = Sre + iSim. In this notation the Higgs potential V = VF + VD + Vsoft is given by
VF =
1
4
|λ|2 (K21 +K22 + 4K0(S2re + S2im))
+ |κ|2(S2re + S2im)2
− Re(λκ∗) (K1(S2re − S2im) + 2K2SreSim)
+ Im(λκ∗)
(
K2(S
2
re − S2im)− 2K1SreSim
)
,
VD =
1
8
(g21 + g
2
2)K
2
3 +
1
8
g22
(
K20 −K21 −K22 −K23
)
,
Vsoft =
1
2
m2Hu (K0 −K3) +
1
2
m2Hd (K0 +K3)
+m2S (S
2
re + S
2
im)
− Re(λAλ) (K1Sre −K2Sim)
+ Im(λAλ) (K2Sre +K1Sim)
+
2
3
Re(κAκ)
(
S3re − 3SreS2im
)
+
2
3
Im(κAκ)
(
S3im − 3S2reSim
)
.
(6.2)
For given values of the potential parameters (6.1) all stationary points of the NMSSM can be found by solving the
systems of equations (G11), (G13), (G15) as described in App. G.
The initial parameters in the Higgs potential (6.1) are translated to the set of parameters as described in Sect. 3.5.
This enables for instance to fix the vacuum expectation values v, tan(β) and vs. As a numerical example the parameter
are chosen as
λ = 0.4, κ = 0.3, |Aκ| = 200 GeV,
tanβ = 3, mH± = 2v,
signRκ = −, δEDM = 0, δ′κ = 0
(6.3)
and the parameter vs is varied. The roots of the univariate polynomials are found numerically, with a precision of
100 digits. The approach allows to use arbitrary precision. The errors of the approximate statements described in
the following are checked to be under control. For generic values of the parameters 52 complex solutions are found:
7 corresponding to the unbroken, 38 to the partially broken, and 7 to the fully broken cases. The number of real and
therefore relevant solutions depends on the specific values of the parameters.
As expected from the Z3 symmetry of the potential, either 1 or 3 solutions sharing the same value of the potential
are found within the accuracy of the numerical roots. From the computed stationary points only those may be
accepted as global minima which correspond to the initial vacuum expectation values (up to the complex phases),
that is, which fulfill
√
2K0 ≈ v,
√
K0 −K3
K0 +K3
≈ tanβ,
√
2(S2re + S
2
im) ≈ vs. (6.4)
Since for non-vanishing parameters λ, κ the potential is bounded from below, the stationary point with the lowest
value of the potential is the global minimum.
In Fig. 20 the values of the potential at all stationary points for the parameter values (6.3) with varied vs is
shown [58]. Each curve in the figure represents 1- or 3-fold degenerate stationary potential values, where the gauge
symmetry breaking behavior of the solutions is denoted by different line styles. Excluded parameter regions, where
the global minimum does not exhibit the required expectation values (6.4) are shown shaded. As is illustrated in the
figure, substantial regions of the NMSSM parameter space are excluded. For some excluded parameter regions, the
partially breaking solutions with the required vacuum expectation values (6.4) are saddle points. This means they
can be discarded as global minima without calculation of the other stationary points. However, this is not always the
case. Obviously from Fig. 20, an upper bound for vs is found. For the plotted vs larger than this upper exclusion
bound the solutions fulfilling (6.4) are still pronounced minima, i.e. the mass matrices have positive eigenvalues, but
they are no longer the global minima. Also there are non-breaking saddle points with potential values slightly above
those of the wanted global minimum. It is found that this effect is not coincidental for the initial parameters (6.3)
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FIG. 20: Values of the NMSSM Higgs potential at its stationary points in dependence on vs, as presented in [58]. The parameters
of the Higgs potential are chosen as λ = 0.4, κ = 0.3, |Aκ| = 200 GeV, tan(β) = 3,mH± = 2v, signRκ = −, δEDM = δ′κ = 0.
Each line corresponds to 1 or 3 stationary points sharing the same value of the potential. The different line styles denote saddle
points, maxima, and minima. The labels ’none’, ’full’, and ’partial’ denote solutions of the classes with unbroken (G11), fully
broken (G13), and partially broken (G15) SU(2)L × U(1)Y , respectively. For solutions of the partially broken class, it is also
denoted whether they correspond to the ’required VEVs’ vu, vd, vs or to ’other VEVs’. Excluded parameter values, where the
global minimum does not exhibit the required vacuum expectation values, are shown by shaded area.
chosen, but rather a generic feature of the NMSSM. Within the CP conserving parameter range
λ ∈ ]0, 1], κ ∈ ]0, 1], Aκ ∈ ± ]0, 2500] GeV,
tanβ ∈ ]0, 50], vs ∈ ]0, 5000] GeV,
mH± ∈ ]0, 2500] GeV
(6.5)
samples are selected, producing the wanted global minimum and typically non-breaking saddle points are found, where
the relative separation of the potential values for the saddle points and the global minimum is below the per-mill level,
in many cases even far below. No fully breaking global minima are found for scenarios in the range (6.5) where the
solutions with the required vacuum expectation values (6.4) are local minima. Eventually, there are examples, where
CP conserving parameters with the “wrong” global minimum produce the wanted global minimum if a non-vanishing
phase δ′κ is introduced.
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7. SUMMARY
The MSSM suffers from the µ-problem, that is, the dimensionful µ-parameter has to be adjusted by hand to the
electroweak scale. In the NMSSM an effective µ-term is generated dynamically. To this purpose an extra singlet
superfield is introduced. Via spontaneous symmetry breaking the Higgs-boson singlet acquires a vacuum-expectation-
value and generates the required µ-term dynamically.
However, as we have seen, absence of the µ-term in the superpotential imposes a continuous symmetry, the
Peccei–Quinn-symmetry. An additional cubic self-coupling term of the singlet is introduced in order to break the
Peccei–Quinn-symmetry which would lead to an unobserved axion. That is, the PQ-symmetry is promoted to a
Z3-symmetry, which, since spontaneously broken, leads to the formation of dangerous domain walls. The loophole is
to impose higher order operators and additional symmetries, breaking the Z3-symmetry but not disturbing physics
at the electroweak scale.
In the NMSSM we encounter two more Higgs bosons as well as a fifth neutralino; compared to the MSSM. The
modified mixing matrices were recalled in the Higgs sector as well as in the neutralino sector. Also the physical
potential was derived, yielding, in particular, additional trilinear A-parameter terms.
The theoretical and experimental constraints on the model were discussed. On the theoretical side restrictions arise
from the symmetries of the physical potential. Thus a global minimum which is electric- or color-charge breaking is
forbidden, as well as a minimum with the wrong electroweak symmetry breaking behavior. Stability of the potential is
of no concern, since for a non-vanishing Peccei–Quinn-symmetry breaking κ-parameter quartic terms in the potential
ensure a potential which is bounded from below.
Further theoretical constraints come from the requirement of perturbativity of the couplings up to the GUT or
Planck scale. Of course, this condition relies on the viability of the model up to large scales. In a series of recent
publications the argument of fine-tuning got a lot of attention. On a quantitative basis, studies of fine-tuning in
different scenarios in the NMSSM as well as compared to the MSSM were performed, revealing that in general there
is much less fine-tuning in the NMSSM. This fine-tuning arises mainly from the stop-loops entering logarithmically
in the Higgs-boson selfenergy. In particular, the LEP bounds require to have large radiative corrections accompanied
by very large stop masses in the MSSM. Compared to the MSSM, the Higgs sector is much less constraint, that is,
the NMSSM passes the LEP constraints with much less fine-tuning.
We proceeded with a discussion of the experimental constraints. First of all the electroweak precision measure-
ments were discussed, which agree well with the SM predictions. Especially the invisible Z-boson decay puts severe
constraints on the NMSSM, but also the constraint of limits on neutralino/chargino- and charged Higgs-boson pair
production at LEP was discussed.
The impact of the muon anomalous magnetic moment, measured at BNL, on the NMSSM was presented. From
chargino–sneutrino and neutralino–smuon loops we get additional contributions to the anomalous magnetic moment
compared to the SM. Based on accurate SM predictions, which are not yet available, strong constraints on the
parameter space in the NMSSM could be derived.
Also the b → sγ decay was considered, which, since loop-induced, is very sensitive to new particles, which couple
to SM particles. Here the measurement agrees well with the SM prediction, yielding an additional constraint for new
contributions which arise in extensions of the SM. Also in this respect the NMSSM does not violate this constraint
significantly in large parts of parameter space.
The new five-year WMAP data give accurate predictions of cold dark matter in the Universe based on the ΛCDM.
Since supersymmetric models, respecting matter-parity, predict a new stable particle, they provide a natural cold
dark matter candidate, the LSP. The WMAP constraint on the LSP turns out to be very strong in the NMSSM and
restricts the available parameter space enormously. Likewise, in the constraint NMSSM, where unification of the
scalar mass, of the gaugino mass, and of the trilinear A-parameter at the GUT scale is assumed, the theoretical and
experimental constraints are shown to be highly restrictive.
Strong first order electroweak phase transitions in order to account for the observed baryon–antibaryon asymmetry
in our Universe require a cubic term in the physical potential. With this respect the SM as well as the MSSM rely on
loop contributions in the effective potential which are generically small. In contrast, in the NMSSM, the additional
trilinear terms allow to accomplish for this mechanism of baryogenesis without large fine-tuning.
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Some recent parameter scans were reviewed with quite interesting results, constraining the NMSSM parameter
space. Some emphasis was placed on a “no-lose”-theorem, that is, the question whether at least one Higgs-boson is
detectable at the LHC with high integrated luminosity. The Higgs-to-Higgs decays are found to be rather difficult
to detect, which however correspond to large parameter space. New ideas to detect such signatures were reviewed.
However there seems to be some parameter space left, where all supersymmetric partner particles could escape
detection. An electron–positron collider could close this gap in detecting the recoil mass in signatures of Higgs-boson
production in invisible Z-strahlung. Some publications were reviewed discussing how to distinguish the NMSSM from
the MSSM. The fifth neutralino may lead to a very different signature in colliders. In case the LSP is a singlino-like
neutralino, this LSP has suppressed couplings to non-Higgs particles. Since eventually all superpartner particles
decay into the LSP this would cause very different signatures, possibly displaced vertices.
Eventually, we draw attention to the determination of the global minimum in the Higgs potential. An algebraic
method based on Groebner bases computation was introduced, showing a surprising rich structure of stationary
solutions. However, this approach is yet limited to studies of the tree-level potential.
The NMSSM is an intriguing model, which deserves a lot of attention, since it is a coherent supersymmetric
extension of the Standard Model. Moreover the NMSSM complies with collider and cosmological precision data and
could be discovered at the LHC.
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Appendix A: Conventions and abbreviations
We use the space-time metric (gµν) = diag(1,−1,−1,−1).
The generalized Pauli matrices are
σ0 = σ¯0 =
(
1 0
0 1
)
, σ1 = −σ¯1 =
(
0 1
1 0
)
, σ2 = −σ¯2 =
(
0 −i
i 0
)
, σ3 = −σ¯3 =
(
1 0
0 −1
)
. (A1)
The  symbol matrix is
 =
(
0 1
−1 0
)
. (A2)
We use the usual representation for the Dirac matrices
γµ =
(
0 σµ
σ¯µ 0
)
, and γ5 =
(
12 0
0 −12
)
. (A3)
Further the projectors are
PL ≡ 14 + γ5
2
=
(
12 0
0 0
)
, PR ≡ 14 − γ5
2
=
(
0 0
0 12
)
. (A4)
The convention for the vacuum-expectation-values include the square-root of two:
〈Hd〉 =
(
vd/
√
2
0
)
, 〈Hu〉 = eiφu
(
0
vu/
√
2
)
, 〈S〉 = eiφsvs/
√
2 , (A5)
and we use the definition
tan(β) = tβ =
vu
vd
, with v =
√
v2u + v
2
d ≈ 246 GeV . (A6)
We write cβ = cos(β), sβ = sin(β), cotβ = cot(β). After electroweak symmetry breaking we thus get the tree level
gauge-boson masses mW = g2v/2 and mZ =
√
g21 + g
2
2v/2. As usual, g2 and g1 are the SU(2)L × U(1)Y gauge
couplings with the positron charge e = g1cW = g2sW . We use the abbreviations related to the Weinberg angle
cW = cos(θW ) as well as sW = sin(θW ). For the partial derivative acting on fields, the short notation (F
↔
∂µ G) ≡
F (∂µG)− (∂µF )G is used.
48
Appendix B: Computer tools for the NMSSM
Here we list some frequently used computer tools for the calculations in the NMSSM. In the parameter scans
discussed in Sec. 5.4 these tools appear in different contexts.
• NMHDECAY [104, 105]. This Fortran code computes the masses of all sparticles and Higgs bosons. The
couplings and decay width of the Higgs bosons are also calculated. The input parameters are λ, κ, Aλ, Aκ,
tan(β), µ ≡ λvs taken at the electroweak scale. The computation of the Higgs-boson spectrum is done including
leading electroweak corrections as well as certain two loop terms. The decay width refers to HDECAY [210],
but without taking into account three body decays.
Current experimental exclusion limits are taken into account. The program code may be downloaded from the
url: http://www.th.u-psud.fr/NMHDECAY/nmssmtools.html
• NMSPEC [211]. In contrast to NMHDECAY here the soft-breaking parameters have to be specified at the
GUT scale. Also the spectrum and couplings are computed from this input. Download at url: http://www.th.
u-psud.fr/NMHDECAY/nmssmtools.html
• MicrOMEGAS [212, 213]. This Tool calculates the relic density of a stable massive particle together with the
rates for direct and indirect detection of dark matter. MicrOMEGAS includes already a model file for the
NMSSM in addition to various other models. It may even be extended to further models by the user. Download
available at url: http://wwwlapp.in2p3.fr/lapth/micromegas
• CompHEP [214]. This package calculates total and differential cross sections at tree-level accuracy. Multi-
particle final states in collisions as well as decay processes can be computed in a completely automatic way. We
refer to the url: http://comphep.sinp.msu.ru
• SuperIso [215]. The SuperIso program evaluates different flavor physics observables in the MSSM and the
NMSSM. Examples are the branching ratios of B → Xsγ, Bs → µ+µ−, B → τντ , B → Dτντ , K → µνµ,
Ds → τντ , Ds → µνµ, as well as the isospin asymmetry B → K∗γ. The corresponding homepage can be found
at the url: http://superiso.in2p3.fr
• LanHEP [216]. LanHEP computes the Feynman rules for a given Lagrangian. The initial Lagrangian can be
written in a compact form. The output Feynman rules are given in terms of physical fields and independent
parameters. It can also be used to directly generate a model file as input for CompHEP. Download at the url:
http://theory.sinp.msu.ru/~semenov/lanhep.html
Appendix C: Construction of a supersymmetric model
Before we start to present the Lagrangian of the NMSSM we want to sketch how an arbitrary supersymmetric
model is constructed. Based on this sketch it is easy to construct the specific NMSSM Lagrangian in the next section.
Here we follow closely the excellent introduction given in [22]. First we recall the meaning of matter parity.
1. Matter parity
Writing down the superpotential in the MSSM (2.2) or the NMSSM (3.2), lepton and baryon number violating terms
are omitted. Additional lepton number (B) and baryon number (L) terms in the superpotential with dimensionless
couplings would be
W∆B, ∆L =
1
2
λeˆ
(
LˆTLˆ
)
+ λ′dˆ
(
LˆTQˆ
)
+
1
2
λ′′dˆdˆuˆ . (C1)
The non-appearance of such terms in the superpotential can be gained by imposing an additional symmetry principle,
called matter parity [12, 217–219] or R-parity [9]. Matter parity is defined as a multiplicative quantum number
PM = (−1)3(B−L), (C2)
such that only terms in the Lagrangian or the superpotential are allowed with multiplicative matter parity PM = +1.
In this way the forbidden terms are excluded from the model. Equivalently one can impose also R-parity instead of
matter parity, defined as the multiplicative quantum number
PR = (−1)3(B−L)+2s (C3)
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with s the spin of the particle. Since the product of (−1)2s is always 1 in angular momentum conserving interaction
vertices, R-parity is indeed equivalent to matter parity but has the advantage to give for the SM particles and Higgs
bosons PR = +1 and for the superpartners PR = −1. R-parity conserving immediately translates to the fact that the
lightest supersymmetric particle (LSP) is stable. Since the NMSSM like the MSSM is R-parity conserving we expect
to have a LSP which might be a candidate for the up to now missing cold dark matter.
2. Chiral supermultiplets
The boson and fermion fields are cast into chiral supermultiplets. Each of the n boson fields of the theory, φi
with i = 1, ..., n is accompanied by a Weyl-fermion ψi and an additional auxiliary field Fi necessary to close the
supersymmetry algebra off-shell. Note that the auxiliary fields Fi are no physical fields since they do not propagate.
The supersymmetric Lagrangian, that is, the Lagrangian which is invariant under supersymmetry transformations
which turn bosons into fermions and vice versa, is
Lchiral, free = −(∂µφi)†(∂µφi)− iψi∗σ¯µ∂µψi + F i∗Fi . (C4)
The generalized Pauli matrices are σ0 = −σ¯0 = 12, σ¯1 = −σ1, σ¯2 = −σ2, σ¯1 = −σ3. The most general set of
renormalizable non-gauge interactions of these chiral supermultiplets are
Lchiral, int = −1
2
W ijψiψj +W
iFi + c.c. , (C5)
where W i as well as W ij are determined from one function, the so-called superpotential W :
W =
1
2
µijφiφj +
1
6
λijkφiφjφk (C6)
with
W i =
δW
δφi
= µijφj +
1
2
λijkφjφk ,
W ij =
δ2W
δφiδφj
= µij + λijkφk .
(C7)
This general form of the interactions (C5) is dictated by supersymmetry itself. From the Lagrangians (C4) and (C5)
we find the equation of motion
Fi = −W ∗i , (C8)
thus the auxiliary fields Fi can be expressed in terms of the scalar fields.
3. Gauge supermultiplets
The gauge boson fields Aaµ are paired with Weyl fermions λ
a into gauge supermultiplets, where auxiliary fields Da
are needed in order to close the supersymmetry algebra off-shell. The adjoint representation of the gauge group is
denoted by the index a here. The Lagrangian of the supersymmetric gauge supermultiplet fields is
Lgauge = −1
4
F aµνF
µνa − iλ†σ¯µDµλa + 1
2
DaDa , (C9)
where, as usual, the Yang-Mills field strength is F aµν = ∂µA
a
ν − ∂νAaµ− gfabcAbµAcν and the covariant derivative of the
gaugino field reads
Dµλ
a = ∂µλ
a − gfabcAbµλc (C10)
with structure constants fabc and gauge coupling g.
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4. Interactions
As usual the gauge interactions of the bosons and fermions are given by turning the partial derivatives in the
kinetic terms in the Lagrangian (C4) into covariant derivatives. Suppose the chiral supermultiplet fields transform
under a gauge group in a representation with hermitian matrices T a satisfying [T a, T b] = ifabcT c. Then the covariant
derivatives of the multiplet fields are
Dµφi = ∂µφi + igA
a
µ(T
aφ)i ,
Dµψi = ∂µψi + igA
a
µ(T
aψ)i .
(C11)
Thus, the gauge invariant form of the Lagrangian (C4) becomes
Lchiral = −(Dµφi)†(Dµφi)− iψi∗σ¯µDµψi + F i∗Fi . (C12)
We have further to introduce all additional terms in the Lagrangian, which do not violate any symmetry of the
theory. The following Yukawa terms are neither forbidden by gauge invariance nor by renormalizability. The couplings
in these Yukawa interaction terms are determined by supersymmetry. The Yukawa couplings are
LYukawa = −
√
2g
[
(φ∗T aψ)λa + λa†(ψ†T aφ)
]
+ g(φ∗T aφ)Da . (C13)
From Lgauge and LYukawa we get the equation of motion for the auxiliary field
Da = −g(φ∗T aφ) (C14)
and we see that like for the auxiliary fields Fi we can express D
a in terms of scalar fields. We emphasize that the
Yukawa coupling of a fermion with a scalar and a gaugino is determined by the gauge coupling, one of the firm
predictions of supersymmetry.
5. Soft breaking terms
We know from experiment that supersymmetry must be broken. This breaking is expected to be spontaneous,
such that the Lagrangian is invariant under supersymmetry transformations but the vacuum is not. The breaking
mechanism itself is up to date unknown. In order to keep the theory as general as possible all explicit breaking
terms are introduced which do not lead to quadratical divergences. A necessary condition for this is to introduce only
Lagrangian terms with couplings of positive mass dimension. The most general soft breaking terms are [220]
Lsoft = −(m2)ijφj∗φi −
1
2
(Mλλ
aλa + c.c.)−
(
1
2
bijµijφiφj +
1
6
aijkλijkφiφjφk + c.c.
)
. (C15)
The first term gives masses to the scalar superpartners and the second one masses to the gauginos. In this way
the degeneracy among the superpartners is removed. The bilinear (bij) and trilinear (aijk) terms in the bracket are
terms associated to the superpotential bilinear and trilinear terms. Note that there is implicit summation over the
indices i, j, respectively i, j, k running over all scalar fields.
6. Complete supersymmetric Lagrangian
Eventually we have the general supersymmetric Lagrangian of a renormalizable theory consisting of the chiral- and
gauge-supermultiplets in gauge invariant form as well as the Yukawa and the soft breaking part:
L = Lchiral + Lgauge + LYukawa + Lsoft . (C16)
We may also isolate the potential part of this Lagrangian. We have the F term of Lchiral, the D term of Lgauge and
the scalar part of Lsoft, altogether
V = VF + VD + Vsoft
= −F i∗Fi − 1
2
DaDa + (m2)ijφ
j∗φi +
(
1
2
bijµijφiφj +
1
6
aijkλijkφiφjφk + c.c.
)
,
(C17)
where the equation of motion for the auxiliary fields (C8) and (C14) have to be inserted.
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Appendix D: Feynman rules of the NMSSM
In this appendix some of the essential Feynman rules of the NMSSM are derived. With the previous work in
appendix C this is straightforward. We focus on the Higgs sector and restrict ourselves to the trilinear couplings.
In Ref. [17] the Feynman rules for a generic supersymmetric two-Higgs-doublet model are derived, taking also an
additional singlet into account. But this work is restricted to the case that the singlet does not mix with the other
neutral Higgs bosons - in contrast to the case of the NMSSM. The Feynman rules for the NMSSM can also be found
in Refs. [39, 104]. Here we want to present the Feynman rules for the general case, including CP violating complex
phases in the NMSSM parameters [221]. In this case, the scalar Higgs bosons mix with the pseudoscalar ones, as
described in section 3.3. Note that we perform the β rotation of the Higgs-boson doublets explicitely.
In the case where the Feynman rules depend on any field momentum, the direction of this momentum is denoted
by an extra arrow. Further, we use the abbreviations for the Weinberg angles, sW ≡ sin(θW ), cW ≡ cos(θW ), β is the
mixing angle of the Higgs doublets with tan(β) ≡ tβ = vu/vd and v2 = v2u + v2d. The mixing of the Higgs bosons is
determined by the mixing matrix (Rij) and originates from the diagonalization (3.22) with indices i, j = 1, ..., 5. Since
the resulting entries in this matrix are very involved it is advantageous to perform the diagonalization in a numerical
way. We use the short notation (F
↔
∂µ G) ≡ F (∂µG)− (∂µF )G.
1. Higgs-boson gauge-boson interaction
The interaction of the Higgs bosons with the gauge bosons is determined completely by the gauge invariant kinetic
terms of the Higgs bosons (C12)
LHiggs, kin = −(DµHd)†(DµHd)− (DµHu)†(DµHu)− (∂µS∗)(∂µS) . (D1)
Note that the Higgs singlet S is supposed not to have any gauge interactions, that is, the covariant derivative in this
case is just the usual partial derivative. The covariant derivative for a field with electroweak interactions reads (C11)
Dµ = ∂µ + ig1Bµ(x)YW + ig2W
a
µ (x) IW
a (D2)
with hypercharge operator YW and isoweak operators IW
a and the corresponding gauge fields Bµ(x) respectively
W aµ (x) . The Higgs doublets have weak isospin and hypercharges IW
a Hd = σ
a/2Hd and IW
a Hu = σ
a/2Hu with
a = 1, 2, 3 and YWHd = −1/2Hd and YWHu = +1/2Hu (see Tab. I). The Higgs bosons are singlets with respect to
the SU(3)C gauge group. Inserting the covariant derivative (D2) into (D1) and using the parameterization (3.9) for the
Higgs-boson doublets in the unitary gauge we find the following Feynman rules. The 5×5 matrix R is defined in (3.22).
Zµ
Hi
Hj
p1
p2
i
√
g21 + g
2
2
2
(pµ2 − pµ1 )
(
(Ri4Rj1 −Ri1Rj4)sβ
+ (Ri2Rj4 −Ri4Rj2)cβ
)
W−µ
H+
Hip2
p1
g2
2 (p
µ
2 − pµ1 )
(
Ri2cβ −Ri1sβ − iRi4
)
Hi
Zµ
Zν
g21+g
2
2
2 v g
µν
(
Ri1cβ +Ri2sβ
)
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Hi
W+µ
W−ν
g22
2 v g
µν
(
Ri1cβ +Ri2sβ
)
Zµ
H−
H+
p1
p2
g21−g22
2g2
cW (p
µ
2 − pµ1 )
2. Higgs-boson fermion interaction
From the superpotential (3.2) we get via (C5) and (C7) the Higgs-boson fermion interactions (note that there is no
mass term proportional µij in the NMSSM superpotential)
LHf¯f = −u†Ryu(QTHu) + d†Ryd(QTHd) + c.c. (D3)
Inserting the doublets from Tab. I this reads
LHf¯f = −yuu†RuLH0u − ydd†RdLH0d + yuu†RdLH+u + ydd†RuLH−d + c.c. (D4)
Now we translate the Weyl two-component spinors into Dirac four-component spinors. For arbitrary Dirac spinors
decomposed into Weyl components f = (fL, fR)
T and g = (gL, gR)
T we get f¯g = f†γ0g = f
†
LgR + f
†
RgL and
f¯γ5g = −f†LgR + f†RgL, that is, we have f†RgL = f¯PL g and f†LgR = f¯PR g, where PL/R ≡ (14 ± γ5)/2. Using the
parameterization (3.9) and four-component Dirac spinors u ≡ (uL, uR)T and d ≡ (dL, dR)T we get
LHf¯f = −
yu√
2
u¯(vu + hu + iauγ5)u− yd√
2
d¯(vd + hd + iadγ5)d+ (yuu¯PLdH
+
u + ydu¯PRdH
+
d + c.c.) . (D5)
A complex phase in the parameterization of Hu can be absorbed into the parameter yu. The bilinear mass terms of
this Lagrangian can be used to relate the parameters yd, yu to the fermion masses. We find
yu =
g2mu√
2mW sβ
, yd =
g2md√
2mW cβ
. (D6)
Employing the β rotation (3.18) and (3.25) and the mixing (3.22), the trilinear terms give the neutral Higgs–fermion–
fermion interactions with Lagrangian
LH0q¯q = − g2mu
2mW sβ
Hi u¯
(
Ri2 + icβRi4γ5
)
u− g2md
2mW cβ
Hi d¯
(
Ri1 + isβRi4γ5
)
d (D7)
as well as the charged Higgs-fermion-fermion interactions
LH±q¯q = + g2
2
√
2mW
H+ u¯
(
mucotβ +mdtβ + (mucotβ −mdtβ)γ5
)
d+ c.c. (D8)
The Lagrangian for the Higgs-lepton interaction may be derived in a quite analogous way.
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Hi
u¯
u
− g2mu2mW sβ
(
Ri2 + icβRi4γ5
)
Hi
d¯
d
− g2md2mW cβ
(
Ri1 + isβRi4γ5
)
Hi
e¯
e
− g2me2mW cβ
(
Ri1 + isβRi4γ5
)
H+
u¯
d
g2
2
√
2mW
(
mucotβ +mdtβ + (mucotβ −mdtβ)γ5
)
3. The NMSSM potential
In Sect. C the potential of a general supersymmetric theory is given. Here we want to derive the full potential
explicitly for the NMSSM. We get contributions to the potential form the F -terms, D-terms, as well as from the soft
supersymmetry breaking terms Lsoft. The F -terms read with (C8)
VF = F
∗
i F
i = W ∗i W
i =
∑
i
∣∣∣∣δWδφi
∣∣∣∣2 , (D9)
where φi are all scalar fields occurring in the chiral supermultiplets, that is with view on Tab. I, φ = (u˜L, d˜L, u˜
∗
R,
d˜∗R, ν˜e, e˜L, e˜
∗
R, H
0
d , H
−
d , H
+
u , H
0
u, S). In contrast to the MSSM the NMSSM has no dimensionful coupling in the
superpotential. As already mentioned this means that the function Wi in (C7) has no term proportional to µ
ij . After
writing the isospin products out, the superpotential becomes
W = u˜∗Ryu(u˜LH
0
u − d˜LH+u )− d˜∗Ryd(u˜LH−d − d˜LH0d)− e˜∗Rye(ν˜eH−d − e˜LH0d) + λS(H−d H+u −H0dH0u) +
1
3
κS3 (D10)
and we can construct the functions Wi and arrive at
VF =
∣∣λ(HuHd) + κS2∣∣2 + ∣∣∣yu(Q˜Hu)∣∣∣2 + ∣∣∣yd(Q˜Hd)∣∣∣2 + ∣∣∣ye(L˜Hd)∣∣∣2 + ∣∣∣yuu˜∗RH0u − ydd˜∗RH−d ∣∣∣2
+
∣∣∣ydd˜∗RH0d − yuu˜∗RH+u ∣∣∣2 + ∣∣yee˜∗RH0d ∣∣2 + ∣∣yee˜∗RH−d ∣∣2 + ∣∣yuu˜∗Ru˜L − λSH0d ∣∣2
+
∣∣∣ydd˜∗Rd˜L + yee˜∗Re˜L − λSH0u∣∣∣2 + ∣∣∣λSH+u − ydd˜∗Ru˜L − yee˜∗Rν˜e∣∣∣2 + ∣∣∣λSH−d − yuu˜∗Rd˜L∣∣∣2 .
(D11)
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The next contribution to the potential comes from the D-terms in (C17). With the equation of motion for the
auxiliary field Da in (C14) we get
VD = −1
2
DaDa =
1
2
∑
i,j
g2a(φ
†
iT
aφi)(φ
†
jT
aφj), (D12)
where φi denotes again all scalars of the chiral supermultiplets and ga is the gauge coupling corresponding to the
gauge group generators Ta and there is an implicit sum over the adjoint index a. For the SU(2)L gauge group the
gauge coupling is g2 and the generators are half the Pauli matrices; T
a = σa/2 with a = 1, 2, 3. With view on Tab. I
we have the scalar weak isodoublets φ = (Q˜, L˜, Hu, Hd) available and get for instance for the doublets Q˜ and L˜ a
contribution to (D12)
1
2
g22(Q˜
†σ
a
2
Q˜)(L˜†
σa
2
L˜) =
g22
8
(Q˜†rσ
a
rsQ˜s)(L˜
†
tσ
a
tuL˜u) =
g22
8
(
2|Q˜†L˜|2 − (Q˜†Q˜)(L˜†L˜)), (D13)
where r, s, t, u = 1, 2 and we used the identity σarsσ
a
tu = 2δruδst − δrsδtu. For the U(1)Y gauge group the gauge
coupling is g1 and the generator is the hypercharge of the fields T
a = YW given in Tab. I. We have the following
scalar fields with non-vanishing hypercharge φ = (Q˜, u˜∗R, d˜
∗
R, L˜, e˜
∗
R, Hu, Hd). Exemplarily, for the Higgs doublets Q˜
and L˜ with hypercharges yQ˜ and yL˜, respectively, we get a contribution to (D12)
1
2
g21 yQ˜ yL˜ (Q˜
†Q˜)(L˜†L˜) . (D14)
Collecting all D-term contributions we arrive at
VD =
g22
8
(
(H†dHd)
2 + (H†uHu)
2 + (Q˜†Q˜)2 + (L˜†L˜)2
+ 4|H†dHu|2 − 2(H†dHd)(H†uHu) + 4|H†dQ˜|2 − 2(H†dHd)(Q˜†Q˜) + 4|H†dL˜|2 − 2(H†dHd)(L˜†L˜)
+ 4|H†uQ˜|2 − 2(H†uHu)(Q˜†Q˜) + 4|H†uL˜|2 − 2(H†uHu)(L˜†L˜) + 4|Q˜†L˜|2 − 2(Q˜†Q˜)(L˜†L˜)
)
+
g21
2
(
1
6
Q˜†Q˜− 2
3
u˜∗Ru˜R +
1
3
d˜∗Rd˜R −
1
2
L˜†L˜+ e˜∗Re˜R +
1
2
H†uHu −
1
2
H†dHd
)2
.
(D15)
Now we come to the explicit soft supersymmetry breaking terms. Writing down all terms as given in (C15) we have
Lsoft =−m2HdH†dHd −m2HuH†uHu −m2S |S|2 −
(
λAλS(H
T
u Hd) +
κ
3
AκS
3 + c.c.
)
−m2QQ˜†Q˜−m2LL˜†L˜−m2u˜|u˜R|2 −m2d˜|d˜R|2 −m2e˜|e˜R|2
−
(
u˜∗RyuAu(Q˜
THu)− d˜∗RydAd(Q˜THd)− e˜∗RyeAe(L˜THd) + c.c.
)
− 1
2
(
M1B˜
0B˜0 +M2W˜W˜ +Mg˜ g˜g˜ + c.c.
)
(D16)
with new soft parameters m2Hd , m
2
Hu
, m2S , m
2
Q, m
2
L, m
2
u˜, m
2
d˜
, m2e˜, Aλ, Aκ, Au, Ad, Ae, M1, M2, Mg˜. The idea is
that these parameters one day emerge from the supersymmetry breaking mechanism. As long as this mechanism is
unknown, this soft supersymmetry breaking terms parameterize the generic model. Note that due to missing bilinear
terms in the NMSSM superpotential there are no associated terms of this kind in the corresponding soft terms.
The scalar part of the soft supersymmetry breaking terms contributes to the potential. The soft breaking terms of
the first line on the right hand side of (D16) contribute to the Higgs potential.
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4. Higgs sfermion interaction
The Higgs sfermion interactions follow from the F -terms (D11), the D-terms (D15) as well as from the soft
terms (D16). The corresponding Lagrangian is
LHq˜q˜ =−
∣∣∣yu(Q˜THu)∣∣∣2 − ∣∣∣yd(Q˜THd)∣∣∣2 − ∣∣∣yuu˜∗RH0u − ydd˜∗RH−d ∣∣∣2 − ∣∣∣ydd˜∗RH0d − yuu˜∗RH+u ∣∣∣2
+ yu
(
u˜Ru˜
∗
LλSH
0
d + u˜Rd˜
∗
LλSH
−
d + c.c
)
+ yd
(
d˜Rd˜
∗
LλSH
0
u + d˜Ru˜
∗
LλSH
+
u + c.c
)
− g
2
1
12
(
(H†uHu)(Q˜
†Q˜)− (H†dHd)(Q˜†Q˜)
)
− g
2
2
8
(
4|H†dQ˜|2 − 2(H†dHd)(Q˜†Q˜) + 4|H†uQ˜|2 − 2(H†uHu)(Q˜†Q˜)
)
−
(
u˜∗RyuAu(Q˜
THu)− d˜∗RydAd(Q˜THd)− e˜∗RyeAe(L˜THd) + c.c.
)
.
(D17)
The Higgs–slepton interaction is derived in a quite analogous way and not given here explicitly. The Feynman rules
follow from the parameterization (3.9), the rotation of the Higgs gauge eigenstates into mass eigenstates (3.22) and
the mixing of the q˜L and q˜R gauge eigenstates into mass eigenstates with mixing matrix Rq˜,(
q˜1
q˜2
)
=
(
cos(θq˜) sin(θq˜)
− sin(θq˜) cos(θq˜)
)(
q˜L
q˜R
)
= Rq˜
(
q˜L
q˜R
)
, (D18)
that is, by the diagonalization of the mass squared matrix M ; diag(mq˜1 ,mq˜2) ≡ Rq˜MRTq˜ .
5. Higgs-boson neutralino/chargino interaction
We start with collecting the bilinear neutralino/chargino interaction terms as well as the Higgs-neutralino/chargino
interactions.
From the soft breaking terms (D16) we get mass terms for the bino and the wino with mass parameters M1 and
M2, respectively.
Lsoft,B˜/W˜ = −
1
2
M1B˜
0B˜0 − 1
2
M2W˜
aW˜ a + c.c. = −1
2
M1B˜
0B˜0 −M2W˜−W˜+ − 1
2
M2W˜
3W˜ 3 + c.c. (D19)
where we use the definition
W˜± :=
1√
2
(
W˜ 1 ∓ iW˜ 2) (D20)
in an analogous way to the vector bosons.
The chiral interactions (C5) give us additional Higgs–Higgsino terms.
Lchiral,HH˜ = −
1
2
δ2W
δφiδφj
ψiψj + c.c. = −1
2
(
λ(HTu H˜d)S˜ + λ(H˜
T
u Hd)S˜ + λ(H˜
T
u H˜d)S + κSS˜S˜
)
+ c.c. (D21)
Insertion of the Higgs-boson doublets and Higgsino doublets from Tab. I gives
Lchiral,HH˜ = −
1
2
(
λH+u H˜
−
d S˜ − λH0uH˜0d S˜ − λH0dH˜0uS˜ + λH−d H˜+u S˜ − λSH˜0dH˜0u + λSH˜−d H˜+u + κSS˜S˜
)
+ c.c. (D22)
Further Higgs–Higgsino interactions come from the Yukawa interaction (C13)
LYukawa,HH˜ =−
√
2g(φ†iT
aψi)λa + c.c. =
−
√
2g2
(
H†d
σa
2
H˜d +H
†
u
σa
2
H˜u
)
W˜ a −
√
2g1
(
− 1
2
H†dH˜d +
1
2
H†uH˜u
)
B˜0 + c.c.
(D23)
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We get, using (D20)
LYukawa,HH˜ = −g2
(
(H0d)
∗H˜−d W˜
+ + (H−d )
∗H˜0dW˜
− − (H+u )∗H˜0uW˜+ − (H0u)∗H˜+u W˜−
+
1√
2
(H0d)
∗H˜0dW˜
3 − 1√
2
(H−d )
∗H˜−d W˜
3 +
1√
2
(H+u )
∗H˜+u W˜
3 − 1√
2
(H0u)
∗H˜0uW˜
3
)
+
g1√
2
(
(H0d)
∗H˜0dB˜
0 + (H−d )
∗H˜−d B˜
0 − (H+u )∗H˜+u B˜0 − (H0u)∗H˜0uB˜0
)
+ c.c.
(D24)
Now, since we have collected all necessary Lagrangian terms we can easily give the neutralino mass matrix, as
presented already in (4.1). We choose the basis ψ0 = (B˜0, W˜ 3, H˜0d , H˜
0
u, S˜). In this basis the neutralino mass part of
the Lagrangian reads
Lχ˜0 = −1
2
ψ0
T
Mχ˜0ψ
0 + c.c. (D25)
with
Mχ˜0 =

M1 0 −cβsWmZ sβsWmZ 0
0 M2 cβcWmZ −sβcWmZ 0
−cβsWmZ cβcWmZ 0 −λvs/
√
2 −λvu/
√
2
sβsWmZ −sβcWmZ −λvs/
√
2 0 −λvd/
√
2
0 0 −λvu/
√
2 −λvd/
√
2
√
2κvs
 . (D26)
The upper left 2× 2 block arises from the soft breaking mass parameters of the bino B˜0 respectively wino W˜ (D19).
The lower right 3× 3 block, mixing the Higgsinos among themselves, comes from (D22) and the remaining part from
the Yukawa terms (D24), where we get bilinear terms at the vacuum of the Higgs bosons; (3.10). The mass eigenstates
follow from an unitary rotation, that is
χ0i = Ujiψ
0
j with diag(m
2
χ01
,m2χ02
,m2χ03
,m2χ04
,m2χ05
) = U∗Mχ0U†, (D27)
with i, j = 1, ..., 5. Conventionally the neutralino masses are defined to be in ascending order, that is, χ01 is the lightest
neutralino. The result of this diagonalization is rather involved and in practice performed numerically, whereas analytic
approximations can be found in [92, 222, 223].
From the chiral interactions (D22) and the Yukawa interactions (D24) we get the neutral Higgs boson neutralino
interaction
LHχ0χ0 =− 1
2
(
− λH0dH˜0uS˜ − λH0uH˜0d S˜ − λSH˜0dH˜0u + κSS˜S˜
)
− g2√
2
(
(H0d)
∗H˜0dW˜
3 − (H0u)∗H˜0uW˜ 3
)
+
g1√
2
(
(H0d)
∗H˜0dB˜
0 − (H0u)∗H˜0uB˜0
)
+ c.c.
(D28)
Using the Higgs boson parameterization (3.9), employing the Higgs-boson mixing (3.18), (3.22), and the neutralino
mixing (D27) we get
LHχ˜0χ˜0 = AijkHiχ0jχ0k + c.c. (D29)
with
Aijk =
1
2
[
(Ri1 − iRi4sβ)(g1U∗j3U∗k1 − g2U∗j3U∗k2)− e−iφu(Ri2 − iRi4cβ)(g1U∗j4U∗k1 − g2U∗j4U∗k2)
+
λ√
2
(
(Ri1 + iRi4sβ)U
∗
j4U
∗
k5 + e
iφu(Ri2 + iRi4cβ)U
∗
j3U
∗
k5 + e
iφs(Ri3 + iRi5)U
∗
j3U
∗
k4
)
− κ√
s
eiφs(Ri3 + iRi5)U
∗
j5U
∗
k5
]
.
(D30)
Now we write the products of Weyl-fermions in terms of Dirac four component spinors
χ˜0i :=
(
χ0i
χ¯0i
)
, with i = 1, ..., 5 . (D31)
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that is, we have for the products in terms of Dirac four-spinors
χ0jχ
0
k = ¯˜χ
0
jPLχ˜
0
k and (χ
0
jχ
0
k)
∗ = ¯˜χ0kγ0PLγ0χ˜
0
j = ¯˜χ
0
kPRχ˜
0
j = ¯˜χ
0
jPRχ˜
0
k , (D32)
where the fields denoted with a tilde symbol are the Dirac spinors and the last equation holds only for Majorana
spinors [17]. With (D32) we get
LHχ˜0χ˜0 =AijkHi ¯˜χ0jPLχ˜0k + (Aijk)∗Hi ¯˜χ0jPRχ˜0k
=¯˜χ0j
[
AijkPL + (A
ijk)∗PR
]
χ˜0kHi .
(D33)
From the soft Lagrangian terms (D19), and the chiral Lagrangian terms (D22) we can immediately construct the
chargino mass matrix. With the chosen basis ψ± = (W˜+, H˜+u , W˜
−, H˜−d ) the chargino mass part of the Lagrangian
reads
Lchargino mass = −1
2
(ψ±)TMχ±ψ± + c.c. (D34)
with
Mχ± =
(
0 XT
X 0
)
, X =
(
M2
√
2sβmW√
2cβmW λvs/
√
2
)
. (D35)
The unitary rotations (
χ+1
χ+2
)
= U+
(
W˜+
H˜+u
)
,
(
χ−1
χ−2
)
= U−
(
W˜−
H˜−d
)
(D36)
can be used to get the mass eigenstates
diag(mχ±1
,mχ±2
) = (U+)∗X(U−)† . (D37)
Explicit diagonalization yields the chargino masses
m2
χ±1 /χ
±
2
=
1
2
(
|M2|2 + |λ|2v2s + 2m2W ∓
√
(|M2|2 + |λ|2v2s + 2m2W )2 − 4|λvsM2 −m2W sin(2β)|2
)
. (D38)
From the chiral interactions (D22) and the Yukawa interactions (D24) we get the neutral Higgs boson interaction
with two charginos.
LHχ+χ− = −λ2SH˜
−
d H˜
+
u − g2((H0d)∗H˜−d W˜+ − (H0u)∗H˜+u W˜−) + c.c. (D39)
Using the Higgs-boson parameterization (3.9), the rotation of the gauge eigenstates into mass eigenstates of the Higgs
bosons (3.18), (3.22) and of the charginos (D36), we get the trilinear terms
LHχ+χ− = BijkHiχ−j χ+k + c.c. (D40)
with
Bijk =
1√
2
{
−λ
2
eiφs(Ri3+iRi5)(U
−)∗j2(U
+)∗k2−g2(Ri1−isβRi4)(U−)∗j2(U+)∗k1+g2e−iφu(Ri2−icβRi4)(U−)∗j1(U+)∗k2
}
(D41)
Transferring to four-component Dirac spinor notation:
χ˜+i :=
(
χ+i
χ¯−i
)
, i = 1, 2 , (D42)
where the charginos denoted with a tilde symbol are the Dirac four-spinors and the charginos without a tilde symbol
the two-component Weyl spinors. This means we have the translation χ+i = PLχ˜
+
i and χ¯
−
i = PRχ˜
+
i , that is,
χ−i = χ¯
−
i =
¯˜χ+i PL and arrive at
LHχ+χ− = BijkHi ¯˜χ0jPLχ˜+k + c.c. = ¯˜χ+j
(
BijkPL + (B
ijk)∗PR
)
χ˜+kHi. (D43)
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Finally we have the charged Higgs interaction with one neutralino and one chargino. Collecting the appropriate
terms in (D22) and (D24) we find
LH±χ+χ0 = − λ2
(
H−d H˜
+
u S˜ +H
+
u H˜
−
d S˜
)
− g2
(
(H−d )
∗H˜0dW˜
− + (H+u )
∗H˜0uW˜
+ +
1√
2
(H−d )
∗H˜−d W˜
3 − 1√
2
(H+u )
∗H˜+u W˜
3
)
+
g1√
2
(
(H−d )
∗H˜−d B˜
0 − (H+u )∗H˜+u B˜0
)
+ c.c.
(D44)
With the parameterization (3.9), the β rotation of the charged Higgs bosons (3.25), the rotation of the neutrali-
nos (D27) and the charginos (D36) we have
LH±χ∓χ0 = CjkH−χ0jχ+k + c.c. (D45)
where we defined
Cjk = −λ
2
(
sβ(U
+
k2)
∗U∗j5 + e
−iφucβU−k2Uj5
)
+ g2
(
e−iφucβ(U+k1)
∗U∗j4 − sβU−k1Uj3
)
− g2√
2
(
e−iφucβ(U+k2)
∗U∗j2 − sβU−k2Uj2
)
− g1√
2
(
e−iφucβ(U+k2)
∗U∗j1 − sβU−k2Uj1
)
.
(D46)
In Dirac four-component notation we find eventually
LH±χ∓χ0 = ¯˜χ0j
(
CjkPL + (C
jk)∗PR
)
χ˜+kH
− . (D47)
Hi
χ˜0k
χ˜0j
AijkPL + (A
ijk)∗PR
Hi
χ˜+k
¯˜χ+j
BijkPL + (B
ijk)∗PR
H−
χ˜0j
χ˜+k
CjkPL + (C
jk)∗PR
6. Higgs-boson self interaction
The Higgs boson self interactions follow from the potential, that is, from F -terms (D11), D-terms (D15) as well as
from the soft terms (D16). Here we present the trilinear part of the corresponding Feynman rules [104], where we set
P lmnijk = RilRjmRkn +RilRkmRjn +RjlRimRkn +RjlRkmRin +RklRimRjn +RklRjmRin , (D48)
59
with Rij defined in (3.22) and the phase dependent abbreviations R, I, Rλ, Iλ, Rκ, Iκ defined in (3.12).
Hi
Hk
Hj
− 1
2
IvP 334ijk + IκP
335
ijk +RvP
345
ijk +
1
2
IvP 455ijk
− 1
3
IκP
555
ijk + IvP
235
ijk cβ + P
111
ijk
(
−1
8
vcβg
2
1 −
1
8
vcβg
2
2
)
+ P 122ijk
(
−1
2
v|λ|2cβ + 1
8
vcβg
2
1 +
1
8
vcβg
2
2
)
+ P 144ijk
(
|λ|2
(
−3vcβ
8
− 1
8
vc3β
)
+ (vcβ + vc3β)
g21 + g
2
2
16
)
+ IvP 135ijk sβ + P
155
ijk
(
−1
2
v|λ|2cβ − 1
2
Rvsβ
)
+P 133ijk
(
−1
2
v|λ|2cβ + 1
2
Rvsβ
)
+P 255ijk
(
−1
2
Rvcβ − 1
2
v|λ|2sβ
)
+P 233ijk
(
1
2
Rvcβ − 1
2
v|λ|2sβ
)
+P 222ijk
(
−1
8
vg21sβ −
1
8
vg22sβ
)
+ P 112ijk
(
−1
2
v|λ|2sβ + 1
8
vg21sβ +
1
8
vg22sβ
)
+ P 244ijk
(
g21 + g
2
2
16
(vsβ − vs3β) + |λ|2
(
−3vsβ
8
+
1
8
vs3β
))
−1
2
|λ|2P 113ijk vs−
1
2
|λ|2P 223ijk vs+P 125ijk (Ivs − Iλ)+P 123ijk (Rλ +Rvs)
−P 333ijk
(
Rκ
3
+ |κ|2vs
)
+P 355ijk
(
Rκ − |κ|2vs
)−P 134ijk cβ (Iλ + Ivs)
+P 145ijk cβ (Rvs −Rλ)−P 234ijk sβ (Iλ + Ivs)+P 245ijk sβ (Rvs −Rλ)
+P 445ijk
s2β
2
(Iλ − Ivs)+P 344ijk
(
−1
2
Rλs2β − 1
2
|λ|2vs − 1
2
Rs2βvs
)
Hi
H+
H−
1
4
(
vR1icβ
(
c2β
(
g21 − g22
)
+
(
4|λ|2 − g21 − 3g22
)
s2β
)
− sβ
(
vR2i
(−4|λ|2c2β + c2β (g21 + 3g22)+ (g22 − g21) s2β)
− 8R5icβ (Iλ − Ivs)
)
− 4R3i
(|λ|2c2βvs + |λ|2s2βvs + 2cβsβ (Rλ +Rvs)))
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Appendix E: Non-minimal supersymmetric extensions
In this appendix we want to mention some of the alternative non-minimal supersymmetric extensions. All here
discussed models have in common to solve the µ problem of the MSSM by the introduction of an additional singlet
Sˆ, generating a µ term dynamically via a VEV 〈S〉. We will not discuss the phenomenology of these models but refer
the reader to the literature. For a comparison of the Higgs sector in non-minimal supersymmetric extension models
we refer to [224].
The nearly minimal supersymmetric SM (nMSSM) was introduced in [29, 52, 225]. In this model also a singlet Sˆ
is introduced in order to generate the µ-term dynamically in the superpotential, that is, the µ term of the MSSM is
replaced by
W nMSSMµ = λSˆ(Hˆ
T
u Hˆd) . (E1)
But in contrast to the NMSSM the trilinear κ term 13κSˆ
3 is abandoned. That is, the nMSSM is in fact the truly next
to minimal supersymmetric extension of the SM. Note that the κ term fulfills in the NMSSM the role to break the
continuous Peccei–Quinn symmetry and also contributes to the generation of a vacuum-expectation-value of S via the
corresponding soft supersymmetry-breaking terms (see the discussion in Sect. 2). In the NMSSM the κ term leads to
an elevation of the PQ symmetry to a spontaneously broken discrete Z3 symmetry. Non-renormalizable operators are
introduced to avoid domain walls which are forced to obey a ZR2 symmetry, such that large tadpoles are forbidden
in order not to give a much too large VEV for S beyond the electroweak scale, which would destabilize the gauge
hierarchy. In the nMSSM in contrast a discrete ZR5 is imposed [52]. It is shown that a tadpole is generated first
appearing at six-loop order, generating a contribution to the effective potential linear in S with small ξn,
δV = ξnm
3
sS + c.c. (E2)
That is, on the one hand by this term the PQ symmetry is explicitely broken and on the other hand ξn is small
enough not to destroy the gauge hierarchy.
Another approach is to start with a superpotential in the form (E1),
WUMSSMµ = λSˆ(Hˆ
T
u Hˆd) , (E3)
but promote the PQ-symmetry to a local, that is, gauge symmetry U(1)′ [7–9, 23, 226–235], giving an additional gauge
boson Z ′ (UMSSM). The charges of the Higgs bosons with respect to this symmetry are denoted by Qd, Qu and Qs
respectively and we have to have Qd +Qu +Qs = 0 for reasons of gauge invariance. Of course this gauge symmetry
is, analogously to the electroweak SM, spontaneously broken when the Higgs bosons get vacuum-expectation-values
and the Goldstone mode is absorbed by the additional gauge boson Z ′ which becomes massive. Both gauge bosons
Z and Z ′ mix, with mixing matrix
MZ−Z′ =
(
M2Z ∆
2
∆2 M ′2Z
)
, (E4)
where
M2Z =
1
4
G2(v2d + v
2
u) ,
M ′2Z = g
′2
1 (v
2
dQ
2
d + v
2
uQ
2
u + v
2
sQ
2
s) ,
∆2 =
1
2
g′21 G(v
2
dQd − v2uQu)
(E5)
with G2 = g22 + 3g
2
1/5 and g
′
1 the gauge coupling associated with U(1)
′. Obviously, the UMSSM introduces no PQ
axion and also no spontaneously broken discrete symmetry. On the other hand the additional gauge symmetry must
have escaped detection so far. From experiments the mixing of the Z and Z ′ bosons is constraint to be below the
per mill level as well as the mass of the gauge boson has the lower limit mZ′ > 500 GeV [236–240]. In deed, we see
from (E5) that we may have a cancellation in the off-diagonal terms, given by ∆2, that is, the mixing can be very
small. Moreover, for a sufficient large VEV vs we see that mZ′ may be heavy enough to be undetected up to now.
Another possibility is that the new gauge coupling g′1 is small. In this case the new Z
′ could be light and even has
escaped detection [226]. There may occur chiral anomalies in the UMSSM, but these may be avoided in versions
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Model Symmetry Superpotential Wµ P-even CP-odd Charged
MSSM – µHˆu · Hˆd H01 , H02 A01 H±
NMSSM Z3 hsSˆHˆu · Hˆd + κ3 Sˆ3 H01 , H02 , H03 A01, A02 H±
nMSSM ZR5 hsSˆHˆu · Hˆd H01 , H02 , H03 A01, A02 H±
UMSSM U(1)′ hsSˆHˆu · Hˆd H01 , H02 , H03 A01 H±
sMSSM U(1)′ hsSˆHˆu · Hˆd + λsSˆ1Sˆ2Sˆ3 H01 , H02 , H03 , H04 , H05 , H06 A01, A02, A03, A04 H±
TABLE IV: Overview over several non-minimal supersymmetric extensions, similar to the presentation in [224]. Given are
the symmetries, the superpotential of the Higgs part Wµ and the types of Higgs bosons for the case of conserved CP symmetry.
with family-dependent U(1)′ charges [241].
The secluded U(1)′-extended minimal supersymmetric SM (sMSSM) was introduced in [240]. In the sMSSM four
singlets are introduced, Sˆ, Sˆ1, Sˆ2, Sˆ3 with a superpotential with the µ term of the MSSM replaced by
W sMSSMµ = λSˆ(Hˆ
T
u Hˆd) + λsSˆ1Sˆ2Sˆ3 . (E6)
In this way only Sˆ contributes to the µ term but all four singlets are charged under U(1)′ and contribute to mZ′ .
For large values of 〈S1〉, 〈S2〉, 〈S3〉 the additional singlets decouple and give a natural explanation for a very heavy
Z ′. In this limit the Higgs-boson phenomenology of the sMSSM approaches that of the nMSSM [224].
In Tab. IV a comparison of the various non-minimal supersymmetric extensions is given, quite similar to the
presentation in [224].
Let us also give the definition of the constrained NMSSM. Actually this is only a special case of the NMSSM since
only parameters are constraint. In the NMSSM there is a very rich parameter space, mostly originating from the soft-
breaking terms. In contrast, the remaining part of the model is highly restricted by supersymmetry. Essentially, the
soft supersymmetry-breaking part parameterizes the missing knowledge of the supersymmetry breaking mechanism.
Motivated by the unification of the gauge couplings at the GUT scale, a rather generic approach is to assume
unifications at this scale of the soft-breaking parameters. The NMSSM with this unification assumption is called
constrained NMSSM, or cNMSSM, introduced analogously to the constraint MSSM, or cMSSM. The initial set of
parameters is reduced by imposing soft parameter unification at the GUT scale of about ΛG ≡ 1016 GeV. Explicitely,
the parameters, taken at the GUT scale are:
Trilinear A-parameter unification,
A0 ≡ Aλ(ΛG) = Aκ(ΛG) = Au(ΛG) = Ad(ΛG) = Ae(ΛG) . (E7)
Gaugino mass unification,
M1/2 ≡M1(ΛG) = M2(ΛG) = Mg˜(ΛG) . (E8)
Scalar mass unification,
m20 ≡ m2Hd(ΛG) = m2Hu(ΛG) = m2S(ΛG) = m2Q(ΛG) = m2L(ΛG) = m2u˜(ΛG) = m2d˜(ΛG) = m2e˜(ΛG) . (E9)
With these unification assumptions there remain only five undetermined parameters in the cNMSSM which may for
instance be chosen as the dimensionless parameters [242]:
yt(ΛG), λ(ΛG), κ(ΛG), m0/M1/2, A0/M1/2 . (E10)
Some studies of the cNMSSM are presented in Sect. 5.4.
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Appendix F: Field-dependent masses
In this appendix the field-dependent masses of the top, stop and of the gauge bosons are given, taken from [57]. This
field-dependent masses arise from the Lagrangian before spontaneous symmetry breaking occurs. All field-dependent
masses are denoted with a bar sign in order to distinguish them from the physical masses.
The quark masses are expressed in terms of the Higgs fields and vacuum expectation values,
m¯2b = |yb|2|H0d |2 =
1
2
|yb|2(v2d + 2vdhd + h2d + a2d), (F1)
m¯2t = |yt|2|H0u|2 =
1
2
|yt|2(v2u + 2vuhu + h2u + a2u), (F2)
where, recalling the neutral part of (3.9),
H0d = (vd + hd + iad)/
√
2 , H0u = e
iφu(vu + hu + iau)/
√
2 , S = eiφs(vs + hs + ias)/
√
2 . (F3)
The physical masses of the particles arise, if we take the vacuum-expectation-values of the Higgs bosons, 〈H0d〉 = vd/
√
2,
〈H0u〉 = eiφuvu/
√
2, 〈S〉 = eiφsvs/
√
2, and we get
〈m¯2b〉 = m2b =
1
2
|yb|2v2d, 〈m¯2t 〉 = m2t =
1
2
|yt|2v2u . (F4)
The field dependent masses of the gauge bosons are
m¯2Z =
g22 + g
2
1
2
(|H0d |2 + |H0u|2), m¯2W =
g22
2
(|H0d |2 + |H0u|2). (F5)
The gauge bosons masses at the vacuum are
〈m¯2Z〉 = m2Z =
g22 + g
2
1
4
(v2d + v
2
u), 〈m¯2W 〉 = m2W =
g22
4
(v2d + v
2
u). (F6)
The field-dependent top- and bottom-squark masses are
m¯2t˜1,2 =
1
2
[
m2q˜ +m
2
t˜R
+
g22 + g
2
1
4
(|H0d |2 − |H0u|2) + 2|yt|2|H0u|2
±
√
(m2q˜ −m2t˜R +
1
4
(
g22 −
5
3
g21
)
(|H0d |2 − |H0u|2))2 + 4|yt|2|λSH0d −A∗tH0∗u |2
]
, (F7)
m¯2
b˜1,2
=
1
2
[
m2q˜ +m
2
b˜R
− g
2
2 + g
2
1
4
(|H0d |2 − |H0u|2) + 2|yb|2|H0d |2
±
√
(m2q˜ −m2b˜R −
1
4
(
g22 −
1
3
g21
)
(|H0d |2 − |H0u|2))2 + 4|yb|2|λSH0u −A∗bH0∗d |2
]
. (F8)
The masses of the squarks at the vacuum are
〈m¯2t˜1,2〉 = m2t˜1,2 =
1
2
[
m2q˜ +m
2
t˜R
+
g22 + g
2
1
8
(v2d − v2u) + |yt|2v2u
±
√
m2q˜ −m2t˜R +
g22 − 53g21
8
(v2d − v2u) + 2|yt|2((
1
2
|λ|2v2s −Rtvs tanβ)v2d + (|At|2 −Rtvs cotβ)v2u)
 , (F9)
〈m¯2
b˜1,2
〉 = m2
b˜1,2
=
1
2
[
m2q˜ +m
2
b˜R
− g
2
2 + g
2
1
8
(v2d − v2u) + |yb|2v2d
±
√
m2q˜ −m2b˜R −
g22 − 13g21
8
(v2d − v2u) + 2|yb|2((
1
2
|λ|2v2s −Rbvs cotβ)v2u + (|Ab|2 −Rbvs tanβ)v2d)
 , (F10)
with the abbreviation
Rq =
1√
2
Re(λAqe
i(φu+φs)), (q = t, b) . (F11)
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Appendix G: Gauge invariant functions
In this appendix let us discuss the introduction of gauge invariant functions which turn out to be very helpful in
studies of two-Higgs-doublet models and further extensions of the SM. In this we follow closely [58, 205]. Let us
consider the tree-level Higgs potential of models having SU(2)L × U(1)Y (weak isospin and hypercharge) electroweak
gauge symmetry. We draw the attention to models with two Higgs doublets and n additional real Higgs isospin and
hypercharge singlets. This includes in particular THDMs, where we have no additional Higgs singlets, and the NMSSM
with one additional complex Higgs singlet corresponding to two real singlets. It is assumed that both doublets carry
hypercharge y = +1/2 and the complex doublet fields are denoted by
ϕi(x) =
(
ϕ+i (x)
ϕ0i (x)
)
, i = 1, 2. (G1)
For the singlets real fields are assumed, denoted by
φi(x), i = 1, . . . , n. (G2)
We remark that in supersymmetric models like the NMSSM the two Higgs doublets Hd, Hu carry hypercharges
y = −1/2 and y = +1/2, respectively. This can be translated to the convention used here by setting
ϕα1 = −αβ(Hβd )∗,
ϕα2 = H
α
u ,
(G3)
where  is defined in (3.3). Complex singlet fields are embedded in the notation by treating the real and imaginary
parts of the complex singlets as two real singlet degrees of freedom.
In the most general SU(2)L × U(1)Y gauge invariant Higgs potential with the field content described above, the
doublet degrees of freedom enter solely via products of the following form:
ϕ†iϕj with i, j ∈ {1, 2}. (G4)
It is convenient to discuss the properties of the potential such as its stability and its stationary points in terms of
these gauge invariant quadratic expressions. This was discussed in detail for THDMs and also extended for the case
of more than two doublets in [205]. We recall the main steps here.
All possible SU(2)L × U(1)Y invariant scalar products are arranged into the hermitian 2×2 matrix
K :=
(
ϕ†1ϕ1 ϕ
†
2ϕ1
ϕ†1ϕ2 ϕ
†
2ϕ2
)
(G5)
and its decomposition reads
Kij =
1
2
(
K0 δij +Ka σ
a
ij
)
, (G6)
where σa are the Pauli matrices. The four real coefficients in this decomposition are
K0 = ϕ
†
iϕi, Ka = (ϕ
†
iϕj)σ
a
ij , a = 1, 2, 3, (G7)
where here and in the following summation over repeated indices is understood. The matrix (G5) is positive semi-
definite, which implies
K0 ≥ 0, K20 −K21 −K22 −K23 ≥ 0. (G8)
On the other hand, for every hermitian 2×2 matrix Kij (G6), where (G8) holds there exist fields (G1) satisfying (G5),
see [205]. It was also shown in [205] that the four quantities K0,Ka satisfying (G8) parameterize the gauge orbits of
the Higgs doublets. Using the inversion of (G7),
ϕ†1ϕ1 = (K0 +K3)/2, ϕ
†
1ϕ2 = (K1 + iK2)/2,
ϕ†2ϕ2 = (K0 −K3)/2, ϕ†2ϕ1 = (K1 − iK2)/2,
(G9)
the doublet terms of the potential can be replaced – due to renormalizability – by at most quadratic terms in the real
functions K0, K1, K2, and K3, which simplifies the potential and eliminates all SU(2)L × U(1)Y gauge degrees of
freedom. Eventually, the potential is written in the form V (K0,K1,K2,K3, φ1, . . . , φn).
To determine the stationary points of the Higgs potential a potential of the form V (K0,K1,K2,K3, φ1, . . . , φn) is
considered and constraint (G8) is taken into account. The possible cases of stationary points are distinguished with
respect to the SU(2)L × U(1)Y symmetry breaking behavior which a vacuum of this type would have [205]:
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• unbroken SU(2)L × U(1)Y : A stationary point with
K0 = K1 = K2 = K3 = 0. (G10)
A global minimum of this type implies vanishing vacuum expectation value for the doublet fields (G1) and
therefore the trivial behavior with respect to the gauge group. The stationary points of this type are found by
setting all Higgs-doublet fields (or correspondingly the K0 as well as the Ka fields) in the potential to zero and
requiring a vanishing gradient with respect to the remaining real fields:
∇ V (φ1, . . . , φn) = 0. (G11)
• fully broken SU(2)L × U(1)Y : A stationary point with
K0 > 0,
K20 −K21 −K22 −K23 > 0.
(G12)
A global minimum of this type has non-vanishing vacuum expectation values for the charged components of the
doublets fields in (G1), thus leads to a fully broken SU(2)L × U(1)Y . The stationary points of this type are
found by requiring a vanishing gradient with respect to all singlet fields and all gauge invariant functions:
∇ V (K0,K1,K2,K3, φ1, . . . , φn) = 0. (G13)
The constraints (G12) on the gauge invariant functions must be checked explicitly for the real solutions found.
• partially broken SU(2)L × U(1)Y : A stationary point with
K0 > 0,
K20 −K21 −K22 −K23 = 0.
(G14)
For a global minimum of this type follows the desired partial breaking of SU(2)L × U(1)Y down to U(1)em .
Using the Lagrange multiplier method, these stationary points are given by the real solutions of the system of
equations
∇[V (K0,K1,K2,K3, φ1, . . . , φn)
−u · (K20 −K21 −K22 −K23 )
]
= 0,
K20 −K21 −K22 −K23 = 0,
(G15)
where u is a Lagrange multiplier. The inequality in (G14) must be checked explicitly for the solutions found
for (G15).
For a potential which is bounded from below, the global minima will be among these stationary points. Solving
the systems of equations (G11), (G13), and (G15), and inserting the solutions in the potential, therefore the global
minima can be identified as those solutions which have the lowest value of the potential. Note that in general there
can be more than one global minimum point.
From the mathematical point of view with (G11), (G13), (G15) non-linear, multivariate, inhomogeneous systems
of polynomial equations of third order have to be solved. It is demonstrated in [58] that this is possible, even if the
number of fields is large, like in the NMSSM. The most involved case is given by (G15), which for the NMSSM consists
of seven equations in seven indeterminates, namely six real fields and one Lagrange multiplier. In the following the
algorithmic method to solve (G11), (G13), (G15) is described for the case that the number of complex solutions is
finite. The latter is indeed fulfilled for the NMSSM with generic values for the parameters, and it is automatically
checked by the method. Note that the gauge invariant functions avoid spurious continuous sets of complex solutions,
which are found to arise in the case of the MSSM as well as the NMSSM if the stationarity conditions are formulated
with respect to the Higgs fields (G1) in an unitary gauge. This is not surprising given the fact, that the gauge invariant
functions express the contribution of the doublets to the potential by four real degrees of freedom in contrast to the
five encountered for the doublet components in the unitary gauge.
The solution of multivariate polynomial systems of equations is the subject of polynomial ideal theory and can
be obtained algorithmically in the Groebner basis approach [206]. See appendix H for a brief introduction to this
subject. Within this approach the system of equations is transformed into a unique standard form with respect to
a specified underlying ordering of the polynomial summands (monomials). This unique standard form of the system
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of equations is given by the corresponding reduced Groebner basis. If the underlying ordering is the lexicographical
one, the unique standard form consists of equations with a partial separation in the indeterminates. A variant of the
F4 algorithm [243] is used to compute the Groebner bases. A Groebner basis computation is generally much faster
if the standard form is computed with respect to total degree ordering and then transformed into a lexicographical
Groebner basis. The transformation of bases from total degree to lexicographical ordering is done with the help of
the FGLM algorithm [244]. Finally, the system of equations represented by the lexicographical Groebner basis has to
be triangularized. The decomposition of the system of equations with a finite number of solutions into triangular sets
is performed with the algorithm introduced in [245, 246]. Each triangular system consists of one univariate equation,
one equation in 2 indeterminates, one equation in 3 indeterminates and so forth. This means that the solutions are
found by subsequently solving just univariate equations by inserting the solutions from the previous steps.
The construction of the Groebner basis as well as the triangularization are done algebraically, so no approximations
are needed. However, the triangular system of equations contains in general polynomials of high order, where the
zeros cannot be obtained algebraically. Here numerical methods are needed to find the in general complex roots of
the univariate polynomials.
In more involved potentials, like the NMSSM, the algorithmic solution is considerably simplified (or even made
accessible), if the coefficients of the polynomials are given in form of rational numbers. Since rational numbers are
arbitrarily close to real numbers and moreover the physical parameters are given only with a certain precision this
does not limit the general applicability of the method in practice.
All algorithms for the computation of the Groebner basis with respect to a given ordering of the monomials, the
change of the underlying ordering, the triangularization, and the solution of the triangular systems are implemented
in the SINGULAR program package [209]. The solutions obtained can be easily checked by inserting them into the
initial system of equations. Moreover, the number of complex solutions, that is, the multiplicity of the system, is
known, so it can easily be checked that no stationary point is missing.
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Appendix H: Buchberger algorithm
In this appendix we want to sketch the construction of the Buchberger algorithm which transforms a given set of
polynomials F into a Groebner basis G. Here we follow closely Refs. [58, 207]. The Groebner basis G has exactly
the same simultaneous zeros as the initial set of polynomials F , but allows better access to the actual calculation of
these zeros. The general idea is to complete the set F by adjoining differences of polynomials. Before the Buchberger
algorithm is presented, the two basic ingredients have to be introduced, that is Reduction and the S-polynomial. For
a more detailed discussion we refer the reader to the literature [206–208]. First of all we recall some definitions.
Definition. Polynomial Ring
A Polynomial Ring K[x1, . . . , xn] ≡ K[x] is the set of all n-variate polynomials with variables x1, . . . , xn and coeffi-
cients in the field K.
Definition. Generated Ideal
Let F = {f1, . . . , fn} ⊂ K[x] be finite, F generates an ideal defined by
I(F ) ≡
{ ∑
fi∈F
ri · fi
∣∣∣∣ ri ∈ K[x], fi ∈ F, i = 1, . . . , n}.
In the following we want to consider an explicit example, that is, a set F = {f1, f2, f3} ⊂ Q[x, y] of polynomials
with rational coefficients:
f1 = 3x
2y + 2xy + y + 9x2 + 5x− 3,
f2 = 2x
3y − xy − y + 6x3 − 2x2 − 3x+ 3,
f3 = x
3y + x2y + 3x3 + 2x2.
(H1)
The set F generates an ideal I(F ), which is given by the set of sums of f1, f2, and f3, where each polynomial is
multiplied with another arbitrary polynomial from the ring Q[x, y]. The summands of the polynomial are denoted as
monomials and each monomial is the product of a coefficient and a power product.
Further, we introduce an ordering () of the monomials. In the lexicographical ordering (lex) the monomials are
ordered with respect to the power of each variable subsequently. The ring notation Q[x, y] defines y lex x, that is for
the lexicographical ordering of monomials powers of y are considered first, then powers of x. Explicitly, this means
2x2y3 lex 5xy2 because the power of y is larger in the first monomial and 2xy2 lex 5y2, because both monomials
have the same power of y, but the first monomial has a larger power of x. The monomials of the polynomials (H1) from
the ring Q[x, y] are ordered with respect to lexicographical ordering. In total degree ordering (deg) the monomials
are ordered with respect to the sum of powers in each monomial. If two monomials have the same sum of powers,
they are ordered with respect to another ordering, for instance lexicographical. For polynomials in Q[x, y] we have
x2y deg 4xy since the sum of powers of the left power product is 3 compared to 2 for the right power product.
The largest power product with respect to the underlying ordering () of a polynomial f is denoted as the leading
power product, LP(f), the corresponding coefficient as leading coefficient, LC(f). With help of these preparations we
can define the two essential parts of the Buchberger algorithm, that is, Reduction and the S-polynomial.
Definition. Reduction
Let f, p ∈ K[x]. We call f reducible modulo p, if for a power product t of f there exists a power product u with
LP(p) · u = t. Then we say, f reduces to h modulo p, where h = f − Coefficient(f,t)LC(p) · u · p.
In the example (H1) the polynomial f3 is reducible modulo f1, since for example the second monomial of f3, that
is, x2y, is a multiple of the LP(f1), and h = f3 − 1/3f1 = x3y − 2/3xy − 1/3y + 3x3 − x2 − 5/3x+ 1.
Reduction of a polynomial modulo a set P ⊂ K[x] is accordingly defined if there is a p ∈ P such that f is reducible
modulo p. Further, we say, a polynomial h is in reduced form or normal form modulo F , in short normf(h, F ), if
there is no h′ such that h reduces to h′ modulo F . A set P ⊂ K[x] is called reduced, if each p ∈ P is in reduced form
modulo P\{p}. Note that reduction is defined with respect to the underlying ordering of the monomials, since the
leading power product is defined with respect to the ordering. In general, a normal form is not unique, neither for a
polynomial nor for a set.
Now we can present an algorithm, to compute a normal form Q ⊂ K[x] of a finite F ⊂ K[x].
Algorithm. Normal form
For a given finite set F ⊂ K[x] determine a normal form Q ⊂ K[x].
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Q := F
while exists p ∈ Q
which is reducible modulo Q\{p} do
Q := Q\{p}
h := normf(p,Q)
if h 6= 0 then
Q := Q ∪ {h}
return Q
Clearly, the simultaneous zeros of all fi ∈ F are also simultaneous zeros of all qi ∈ Q and vice versa.
Definition. S-polynomial
For g1, g2 ∈ K[x] the S-polynomial of g1 and g2 is defined as
spol(g1, g2) ≡
lcm
(
LP(g1),LP(g2)
)
LP(g1)
g1
− LC(g1)
LC(g2)
lcm
(
LP(g1),LP(g2)
)
LP(g2)
g2,
where lcm denotes the least common multiple.
Clearly, a simultaneous zero of g1 and g2 is also a zero of spol(g1, g2). In the example (H1) we can build the S-
polynomial for any two polynomials, for instance
spol(f1, f2) =
x3y
x2y
f1 − 3
2
x3y
x3y
f2 = x f1 − 3/2 f2
= 2x2y + 5/2xy + 3/2y + 8x2 + 3/2x− 9/2.
Finally we define the Groebner basis.
Definition. Groebner basis
G ⊂ K[x] is called Groebner Basis, if for all f1, f2 ∈ G normf(spol(f1, f2), G) = 0.
Now we are in a position to present the Buchberger algorithm.
Algorithm. Buchberger
For a given finite set F ⊂ K[x] determine the Groebner basis G ⊂ K[x] with I(F ) = I(G).
G := F
B := {{g1, g2}|g1, g2 ∈ G with g1 6= g2}
while B 6= ∅ do
choose {g1, g2} from B
B := B\{{g1, g2}}
h := spol(g1, g2)
h′ := normf(h,G)
if h′ 6= 0 then
B := B ∪ {{g, h′}|g ∈ G}
G := G ∪ {h′}
return G
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Note, that since G just follows by adjoining reduced S-polynomials to F both sets generate the same ideal, especially,
both sets have exactly the same simultaneous zeros. It can be proven, that the Buchberger algorithm terminates.
The final step is to construct the reduced Groebner basis by applying the normal form algorithm defined above to
the Groebner basis G. It can be shown that the reduced Groebner basis is unique [208]. If we apply the Buchberger
algorithm to the set (H1) with subsequent reduction we end up with the reduced Groebner basis (with underlying
lexicographical ordering)
g1 = y + x
2 − 3/2x− 3,
g2 = x
3 − 5/2x2 − 5/2x.
The system of equations g1 = g2 = 0 is equivalent to f1 = f2 = f3 = 0, but the former allows to directly calculate the
solutions: Since g2 = 0 is univariate it can be solved immediately and subsequently g1 = 0 for each partial solution
inserted.
Despite the correctness of the Buchberger algorithm tractability of practical examples requires to improve this
algorithm. In particular, the number of iterations in the algorithm drastically grows with an increasing number of
polynomials and with higher degrees of the polynomials. In this respect much progress has been made with the
improvement of this original Buchberger algorithm from 1965; see [207, 208, 243].
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